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LONG-TIME EXISTENCE AND RESONANT APPROXIMATION FOR THE 
QUADRATIC NONLINEAR WAVE EQUATION WITH AN ANISOTROPIC 

HARMONIC TRAPPING 

NICOLAS LAILLET 


Abstract. We establish long-time existence and uniqueness for the 2D wave equation with a harmonic 
potential in one direction. This proof relies on a fine study of the so-called space-time resonances of the 
equation. Then we derive a resonant system for this equation and we prove that it is a satisfying approxi¬ 
mation for the original equation. 


Part 1. Introduction 

1. Framework 

1.1. Presentation of the equation The goal of this paper is to study the equation 

{ dfU — Au + X 2 U + u = u^, 

11(0,0:1,0:2) = Mo(o:i,a; 2 ), 

atu(0,o:i,o:2) = mi(o;i,o;2), 

where u : (t,o;i,o; 2 ) C M+ x i-A u(t, Xi,X 2 ) C R. This equation is based on a wave equation with a 
harmonic potential in one direction. 

We want to study this equation in the weakly nonlinear regime, i.e. in the small data regime. This frame¬ 
work, quite classical in the study of nonlinear dispersive PDEs, allows to obtain long-time existence theorems. 
In addition to this long-time study, we want to try to understand the long-time dynamics of the solution, 
approximating it by a simpler one. 

The study of wave equations with a potential has a pretty long history: for a review of the different dis¬ 
persive effects, see the work of Schlag in [53], or |5] and |S| for specific and more recent examples. Some 
global existence theorems have been proven in the case of polynomially decreasing potentials: see the books 
of Strauss m) and of Shatah and Struwe (EH) for reviews or [7] for a specihc example. These results 
mainly rely on the fact that a localized or decreasing-at-infinity potential should be invisible for solutions far 
from the origin: its effect should be either neglictible or well-understood from a global point of view. This 
is not the case for a harmonic potential, and other methods have to be considered. Introducing a harmonic 
potential (i.e. non-decaying, non-localized) in a dispersive equation has been studied in the past years, in the 
particular case of Schrodinger’s equation: see for example or more recently in [12| (which considers 

a toric geometry, quite close to the geometry created by the harmonic potential) or [ld| . Considering a 
harmonic potential forces to consider the harmonic structure of the equation and to study the frequencies 
interactings, i.e. the resonances, inside the nonlinearity. 

This fine study of resonances has been introduced by Klainerman in m and developed for example in [18j . 
To be more precise, we are going to use the new version of this study of resonances, developped by Germain, 
Masmoudi and Shatah in [S], and used for the wave equation by Pusateri and Shatah in m- 

Studying the equation HH) is therefore quite new. Equation HU is weakly nonlinear, but with a qua¬ 
dratic nonlinearity, which means that the resonant interactions will not be able to be compensated simply 
by using the weakness of the nonlinearity. Moreover, the geometry given by the harmonic potential, which 
is physically know as the "cigar-shaped” geometry in the case of Bose-Einstein condensates (for a cubic 
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Schrodinger equation with a harmonic potential) gives birth to very specific resonant interactions and will 
force us to understand in detail the resonant zones in the frequency space. 

This fine understanding allows us to understand better the dynamics of our equation: in particular we are 
able to find a resonant system for (11.11) . in the spirit of what has been done in [T^] or m- This system 
should be simpler to study and we prove that it is a good approximation of the solutions of the original 
equation. 

The rest of Section [T] is devoted to presenting the main results of this paper: the existence theorem El 
the existence theorem for the resonant system |B] and Theorem [C] establishing the validity of the approxi¬ 
mation by the resonant system. Section gives a strategy for the proof of Theorem El which is detailed 
in Sections nil El and El Then the three next sections focus on the resonant system: the way to obtain it 
(Section [T]), the existence theorem (Section El) and the approximation theorem (Section E]). 

1.2. Mathematical framework Since we want to prove long-time existence theorems in a high-regularity 
framework, we have to define the regularity spaces we are going to use: given the anisotropic structure of the 
operator — A-|-a;|, we have to define anisotropic spaces and anisotropic transforms adapted to the differential 
operator. 

Definition 1 . 1 . The n-th Hermite function ipn on R is defined as follows 

(1.2) V'n(:r):=(-l)"e^—(e-). 

It is the n-th eigenfunction of the harmonic oscillator: 

(1.3) = 

We also define the interaction term between three Hermite functions 

(1.4) M{m,n,p):= / tl;m{x)tpn{x)'tpp{x)dx. 

Jk 

Remark 1 . 2 . We recall that the family (V’n)neN is a hilbertian basis o/L^(R). However, contrary to what 
happens for complex exponentials, the product of two Hermite functions is not a Hermite function. That is 
why we need to define the A4{m,n,p): its properties are studied in Appendix\M 

Definition 1 . 3 . The Fourier transform of a function g defined on R is given by 

J"i9)i0=9i0 ■■= [ e"“«g(a:)dx. 

JR 

The Fourier-Hermite transform of a function f defined on is defined by 

lpit:0= [ [ fit, xi,X2)e~"'^^^i:p{x2)dxidx2, 

Jr Jr 

where '0p is the p-th Hermite function defined in (dH). 

We also define fp := iF~j^{fp). 

Given the form of the operator (—A -|- -|- 1), anisotropic regularity spaces will have to be defined. We are 

going to define two different kinds of "Hermite regularity spaces", depending on whether or not we give a 
global definition or a strongly anisotropic one: actually both will be related one to the other. 

The isotropic point of view consists in defining the regularity with the operator, in the same fashion that, 
for example, \\f\\H. = ||(-A)"/ 2 /|| 2 : 

Definition 1 . 4 . For all integers N, for all f in L^(R^), we define the 'H'^(R^) norm of f by 

ll/ll-^iV = II (~^ + 2^2 + 1)^/|L2 (r2) ■ 

However, given the anisotropy, it will be useful to be able to study each direction separately. 
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Definition 1.5. Let M be an integer. The space at Hermite regularity M, written TL^QS.), is defined by the 
following norm: 

(1-5) II/IIh'^ II i~^x + + 1)'^/||l2(r) • 

This one-dimensional definition allows us to introduce the following space of functions defined on 

Definition 1.6. Let N, M be two integers. The space (written Ti.^in the rest of the paper) is 

defined on functions on by the following norm 




{p^WfpWn^^) 


pSN 


£2 


Remark 1.7. The space Ti.^is related toTL^ in the following way : Since the eigenvalues of —df+x^ + l 
are (2n -|- 2)„gN, the following equivalence of norms holds 


I^M ~ I y^(2p -I- 2)^^|/p 


Ee"'!* 

ypSN 


with p = max(l,p). 


Remark 1.8. The order chosen to define T-L^H^ is very important: in our proof we are going to start to 
work with a given Hermite mode, and then sum over all the Hermite modes. 

Finally, the following spaces will be dehned so as to have lighter and simpler notations for time-dependent 
functions. 

Definition 1.9. Let M and N be two integers, t a non negative real number. Then the spaces Bt, and 
are defined, for all function f defined on M+ x by the norms 

( 1 . 6 ) 

(1.7) limilBM :=(i)-^ll/(t)ll„„^i(^,^)), 

( 1 . 8 ) \\fmsfi----=\\fmfi. + \\fmBfi- 

Finally, the norm of a vector is defined as follows: 


wmwn, 


(1.9) 


= M + K' 


The fixed-point space in which we are going to work is then defined as follows: ifT>0, is defined by 


( 1 . 10 ) 

Remark 1.10. 


= sup ||/(t)|l 

2 ’ 0 <i<T ‘ 


We have for all f 




• if f G , then for all p G N, there exists (ap(t))pgN, such that 

\\fpit)\\HN = P~^ap{f) ||/(t)||giV.M , 

\\fpit)\\B, =P~^ap{t) \\f{t)\\gN,M , 

with ||(ap(t))pgN ||^2 < 1. 

1.3. Main results Our aim is to obtain a long-time existence result for small initial data at high regularity. 
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1.3.1. Existence theorem First of all, direct energy estimates give the following result, proven in ppj : 

Proposition 1.11. Let e > 0. Let uq be in , N > 0, with ||mo||.^w < e/2- Then Equation p.lll has a 
unique solution in the space L°°{\0,T),'H^) with 

T = C\\uo\\-^,, 

wth C independent ofuo, such that 

sup \\u(t)\\~^ < e. 

iG[0.T) 

The whole point of this article is to be able to have a long-time existence, that is to say an existence time 
of order with a > 1, if e is the size of the initial data. We are going to prove the following Theorem: 


Theorem A. Let <5 > 0, £ > 0. Let 

T = C((5)e"“, with a = 

with C{S) depending on 5 only. 

Then, given M and N integers satisfying 


(1.11) M > 3, 

(1.12) N>\ + ^+2M, 

0 I 


if (uo, ui) satisfies 

then there exists a unique solution u 

(1.13) 


IIU0II5W + CM + I + ||ui||gN,M < -, 
in to p.ip with 

I I U I I y. + 1, W + l "E, £, 

T 

||9tM||y.M,iV < £. 


This result comes from a fine study of resonance phenomena occurring in the equation and of the dispersive 
properties of the Klein-Gordon operator with a harmonic potential. 


1.3.2. Notations 

• For all real numbers x, 

(x) := \/l + a;^. 

• For all ?7 G K. and m G N, 

{v)m ■= yjrf + 2m+ 2 

• we write D = id. 

• we write / ;$ <? if there exists a universal constant C such that / < Cg. 

• if A and B are two functions, m and n two integers, 

(1.14) {A <m^n B{m, n)) (A < B(m, n) + B{n, m)). 


1.3.3. Duhamel formula In order to understand the resonances of dD and find a resonant system for it, we 
are going to find its Duhamel formula, i.e. its integral formulation. 

So as to establish this Duhamel formula, we are going to work with the profile of a solution instead of a 
solution itself. 

Definition 1.12. Let u : R+ C be a solution in L^ of dtU+iL{D)u = N{u), where N is a nonlinearity 

and L{D) is a Fourier multiplier, i.e. for all function f, iF{L{D)f){^) = L{^)f(ff) with L : C is a 

function of f,, then the profile of u is defined by 

(1.15) x) := O) ■ 
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Remark 1.13. In the linear case, i.e. dtU + iLu = 0 and uq the initial condition, the profile of u is uq. This 
is the way the profile should be understood: it is the solution transported backwards by the linear propagator. 

Generally, a first step to write a Duhamel formulation for a PDE of order 2 in time is to reduce it to an 
equation of order one: this is the reason for the next definition. 


Definition 1.14. The left-traveling part of u (resp. the right-traveling part) denoted u+ (resp. U-) is 
defined by 

u± := dtu ± i (—A -I- a :2 -I- l) u. 

Remark 1.15. It is important to remark that we have the following equivalence for all t: 

(1.16) ((u(t), dtu{t)) G X ^ (u± G . 

We are now going to reformulate the equation as follows (the proof for this formula is in [10]): 


Proposition 1.16. A function u is a solution of (11.111 if and only if the profile f = (/+, /_) satisfies 

(1.17) f = Aif), 


where A{f) = fo + A{f) and 


where 




W)+,p{tA) \ 


(1.18) 


A{f)±,p{t,0 aj3M{n,m,p) 

m,n 



fa,miv) fl3,n{f-v) 

{v)m if — ri)n 


dr]ds, 


with 4>m^np — (Op + ct{il)m + — v)n and A4 is the hermite functions interaction term (II.4p . 


Remark 1.17. Here, the frequency variables f or rj have to be understood as or rji, i.e. the frequency 
variable associated to the first space variable. We do not write this index in order to simplify notations. 
Moreover, from now on we are going to write fa.mfri) instead of fa,mis, rj) when the dependence in s is 
obvious. 


1.3.4. Remarks on Theorem\^ and resonant system. One can remark that a similar result to Theorem Rl 
can be proven quite easily if instead of the space we take the space defined by 


ll/ll 


'^M,N 



Proving this result relies on the dispersive estimate for the Klein-Gordon with a harmonic potential, i.e. a 
decay inequality for the L°° norm of the solution. 

However it does not involve any the study of resonances. It is really weaker than the result of Theorem 
El because it does not give any estimate on / in a weighted Sobolev norm. And having an estimate on 
weighted norms is fundamental when it comes to the study of the dynamics of the system, in particular 
when approximating it by a resonant system, as it is done in Part [3l 

In fact, in order to study the dynamics of dni), it may be useful to derive a simpler system, generating 
the dynamics of the original equation. This study of a resonant system has been initiated in hyperbolic 
equations by Klainerman and Majda in m for incompressible fluids, then by Grenier m and Schochet 
with the so-called "filtering method" for highly rotating fluids. 

Using this notion of resonant system in the framework of dispersive equations is more recent: lonescu and 
Pausader in nn and m studied the nonlinear Schrodinger equation on M x T^; other studies have been 
made by Hani, Pausader, Tzvetkov, Visciglia in [T2] for NTS in R x (1 < d < 4), by Pausader, Tzvetkov 
and Wang for NTS on ([12]) and more recently by Hani and Thomann in for the NTS with a harmonic 
trapping m)- 


5 



In all of these articles, the main idea is that the dynamics of a system is governed by the resonant frequencies. 
So as to understand this idea, assume that a quadratic dispersive PDE has the following Duhamel formula: 

(1.19) f{t, = /(0, 0 + J - v)dvds. 

Assume that for all there is exactly one r]o{^) such that drj4>{i,Vo{x)) = 0. Then, a Stationary Phase 
Lemma will give 


I - v)dv - MO) 

+ remainder decreasing with time. 


Moreover, if 4>{Ovoi.O) = f^e integral 

/*e*'^^(«’"o(«))/(ryo(C))/(e-%(C))ds 

Jo 

is an oscillating integral, and it is bounded as t goes to infinity thanks to Riemann-Lebesgue’s Lemma. 
Hence, if 2 is the set of ^ such that ?7o(C)) = 0 the indicator function of 2, the leading term in 

the Duhamel formula is 

I?eH [ f{VoiO)fiMVoiO)ds. 

Jo 

We will call the equation 


( 1 - 20 ) fit,0 = mO + Ms f f{MO)fiMmiO)ds 

Jo 

the resonant equation. This equation is simpler since we restricted the original one to some resonant modes. 
In the case of anisotropic models as ours (with one free direction and one direction trapped by a harmonic 
potential), the resonant equation keeps the same form but with trickier resonant conditions. 

A good resonant system has to satisfy the two following properties: 

(1) it has to be a good approximation of the initial equation, i.e. if / is a solution of (11.191) and g is a 
solution of (11.201) with the same initial data, then f — g goes to zero as t goes to infinity (if we are 
in the lucky case of a global existence). 

(2) we should be able to understand its dynamics. For example, in [12] . Hani, Pausader, Tzvetkov, 
Visciglia were able to build solutions of the resonant system with growing Sobolev norms, and 
consequently prove that the initial equation had solutions with growing Sobolev norms. 

In this paper we focus on the derivation of the resonant system, the existence of long-time solutions for this 
system and the validity of the approximation of the initial equation by this system. 

The resonant equation associated to dni) is 


( 1 . 21 ) 


/±.p(^,C) =/±,p(0,C) + [ 
Jo 


E 

a,/3G{±l} 

m^n or 
\C\ satisfied 


M{m,n,p) fc,m{^m%0 fp,n{0 ~ Kl^n)0 
Y^s|52(/)(^, ((^ “ >0tl^n)0n 


with 



and (O) is the resonant condition appearing in Theorem 12.51 It will be formally 


derived in Section [7] 

Since the system is simpler given it involves only selected interacting modes, we are able to prove a better 
existence and uniqueness result than for the original one. 


Theorem B. Let e > 0, T = Cje^ with C a universal constant. Then, given M, N and n satisfying 

(1.22) M>6, N>^, K = 1 or2, 
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if fo = (/o,+ j/o,-) is an initial data with < s/2, then there exists one and only one solution 

f = (/+,/_) to the resonant system on the interval [0,T), belonging to the {{xi)^)). 

Moreover, for all t G [0,T), ||/±||-HMj/w«a:i)-) ^ 

Moreover we are able to prove that this resonant system is a good approximation of the initial equation: 


Theorem C. Let 0<a<|, 0<w<l — |q;, e > 0. Let N and M satisfying hl.l2\) with in 

addition N > 9 — j. Let 0 < Mq < M — 

4 

There exists a C{a,uS) such that, fore small enough, ifT = , if 


• f is a solution to the initial system in with initial data fo in the ball of center 0 and radius 

e/2ofS^'^, 

• g is a solution to the resonant system in ’ with the same initial data, 
then we have, for all t <T, 


Wif - 9){t)\\n^oL^ < £“• 


_ 4 

Remark 1.18. We have to compare the size of f — g to the variation of f and g during a time e 2 +“ ; we 
prove in Theorem \2.1\ that the one for f is of order 

4 

— — 2 7 2— ^ 

s ds ~ e 3 +" . 

Similarly, the increase of g is of order 

4 

— — 2 7 2 —— 2 — 2 ^ 

s ^eds-^e «e 3+^. 

2— 2 

But if Lv is small enough, we have e“ << e 3 + 31 .. ^ which means that the size of f — g is small compared to 
the variation of f and g. 




2. Strategy 

2.1. Contraction estimates The Duhamel formula allows us to write Equation dD as a fixed-point 
problem: 

f = A{f), 

where A{f) = fo + A{f), and A is defined in p.l8|) . 

It suffices to prove that the operator M is a contraction which maps the unit ball for the norm into 

itself (for well-chosen M, N and T). More precisely, let e > 0. The goal is to prove that if ||/o||gM,iv < | 
then ||/||j.M,w < e => \\A{f)\\^M,N < e. 

So as to do this, we have to prove an inequality of the form 

||ai(/)||^m,k ^cr^ii/ii^M,. <CT“£^ 

T 

where a < 1 and k G N, k > 1. This will allow existence on a time 

T = (2C'e'=-i)”“ . 

_ 4 

In order to get the existence time T = e 3 ( 1 + 3 ) ^ we are going to prove the following theorem. 

Theorem 2.1. For all w > 0, for all M and N satisfying (11.111) — (I1.12|) . we have the following ineguality: 

(2.1) M(/)||gM,W < f S“4+‘^ ||/|||m,W -F S2+“ ||/||gM,N ds -b C'(f), 

* Jo 

with C(t) = (t)“+5 (||/(t)||sM,« -b ||/(l)||gM.Ny 
Remark 2.2. We can make two remarks on this property: 
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( 2 . 2 ) 


• the following inequality is a direct consequence of (EH); 

\\A{f)\\^M.. < max (tH- ||/|||m,. ,Ti+- . 

with the same notations and hypothesis as in Theorem \2. 1\ 

• Going from Theorem \2.1\ to Theorem [31 is then quite straightforward: the inequality (| 2 . 2 I) gives an 
existence time equal to (up to a constant): 

/ 1 2 .^\ ^_^__^ 

miiile 4 +“je 2+" I = min(e 3+4*^, e 3+21.. )= £ 3+4^ _ 

Then taking w = ^ gives the result. 

For now on, our goal will be to prove Theorem l2.ll 

2.2. Space-time resonances In order to obtain a large existence time, we are going to use the method 
of space-time resonances, introduced by Germain, Masmoudi and Shatah in [^. Take a general Duhamel 
formula: 

Kt,0 = m)+ f [ e—^«>'')/(77)/(e-77)dryds, 

Jo Jr 

where </> := L{() — L{r]) — L{( — 77 ). This corresponds to the dispersive equation dtu + L[D)u = u^. 

So as to deal with long-time existence, we will have to find a way of gaining some powers of time. This is 
the aim of space-time resonances: we have to study the phase </> to make some transformations. 

( 1 ) if the phase f) does not vanish, we can write = ^ds and perform an integration by 

parts. This normal forms transformation (according to Shatah’s terminology in [ 2 f)| . refering to the 
classical concept of normal forms in dynamical systems) will lead to an expression of the form 

I I I ^e~'^'^'^^^^'^^dsf{r])f{£, — i])drids-\- symmetric or easier terms. 

Jr Jo Jr 

A short calculation shows that dgf = e~'^‘‘^F{u^). The nonlinearity fdgf is now a cubic one, easier 
to deal with since we are working with small data. 

Having ^ = 0 can be understood as L{() = L{r]) -|- L(^ — rj): this corresponds to what is also called 
resonances in physics, i.e. a situation when two plane waves interact and create another plane wave. 

( 2 ) if the derivative of the phase drjCj) does not vanish, write ^ drj and perform an 

integration by parts, to obtain 

/ f— 4 -?) /" [ . ^ - r])dr]ds 

Jo Jr \—1sdrf(p / Jo Jr —lSOri<p 

-|- symmetric or easier terms. 

This allows to gain a power of s and improve the long-time existence. 

Concretely, the case drj4> 0 has to be seen as L'{rf) L'(^ — rj), i.e. the group velocities of both 
interacting waves are different: if we assume the initial data to be localized, this guarantees that a 
wave packet at frequency 77 and a wave packet at frequency f, — t] will not interact with each other 
after a sufhciently long time. 

This method has first been developped by Klainerman in m- 

( 3 ) in the general case, we have zones where (j) vanishes (call this zone T, the time resonant set), where 
drjf) vanishes {S, the space resonant set) and a zone where both vanish: call it TZ, the space-time 
resonant set. This zone is problematic because none of the integration by parts presented before are 
feasable. 

If the space-time resonant set is of measure 0, it is reasonable to think that this difficulty will 
be handled by an adapted localization: we introduce a function y equal to 1 around TZ: the in¬ 
tegral /o/RX(C,’ 7 )e"*'*'^^^’’'^/(??)/(C-??)dT?ds should be small, maybe if we make the localization 
narrower as time grows. Then one of the integration by parts (in s or in 77 ) should give estimates for 
fo fg (1 — ~ r])dr]ds, maybe if the ($, 77 ) plane is cut off again in two zones, one 

where (j) does not vanish and one where dri4> does not vanish. 





So as to estimating terms of the form f* fgm(^, r/)e f{r])f{^ — r])drids, we will need some 

results on Fourier bilinear multiplier: the ones needed in this article are gathered in Appendix IbI 
All the difficulty will be to deal with these different zones: we have to identify them (study of the phase), 
cut off carefully the frequency space and deal with each zone. This is the aim of the following sections. We 
start by defining the resonant sets adapted to the method just evoked. 

Definition 2.3. Let (j){^,rj) be a real phase. 

(i) The time resonant set is the set T := {(Ci??) S 77 ) = 0}. 

(a) The space resonant set is the set S := {{^,ri) & ry) = 0}. 

(Hi) The space coresonant set is the set S := G ry) = 0}. 

(iv) The space-time resonant set is the set TZ := {(^, 7 y) S K^|^(^, 7 y) = dn{(,,ri) = 0}. 

Remark 2.4. The space coresonant set is not directly involved in the study of resonances. However, since 
the fixed-point space is built on weighted norms, we will have to differentiate with respect to ( the integral 
term in the Duhamel formula (|1.18l) .' this will make terms of the form appear. Hence it can be interesting 
to compare d^4> to drjf): this explains that we also want to study the space coresonant set S. 

The precise study of the resonances and of the resonant sets is done in Appendix here we only state the 
main theorem. 


Theorem 2.5. Let a and (3 be two elements o/{—1,1}. Consider the phase 

+ 2p -h 2 -h a Vry2 -h 2m -h 2 -h /3\/(^ - ry)2 -p 2n -h 2. 

Then the space resonant set is 

=I + 

(1) In the case [a,j5) = (1,1), there are no time resonances: T = 0. 

(2) Otherwise, 

(a) If afdp -\- l3m < 0 or aj3p -\- (In < 0, there are no time resonances. 

(b) If aj5p j3m > 0 and afSp-\- fin > 0, there are space-time resonances if and only if the following 
condition is satisfied. 

, J afip -\- fim -\- an > 0, 

^ ^ } mf -I- -I- — 2mn — 2pm — 2pn — 2m — 2n — 2p — 3 = 0. 

In that case, the space coresonant set is equal to the space resonant set: S = S. 


Hence we are in a rather new situation, compared to the previously studied situations. For example, in m, 
Germain, Masmoudi and Shatah study the nonlinear Schrodinger equation with a quadratic nonlinearity 
which corresponds to the following phases: 

• if the nonlinearity is equal to iff, then the phase is cf = -\- rj'^ -\- — rjff. The time resonant set is 

{^ = ry = 0}, so is the space-time resonant one. 

• if the nonlinearity is equal to then the then the phase is (f = ~ ~ ~ v)^■ Hence the space 

resonant set is = 27y} and the time resonant set is — ff) = 0}: this leads to a space-time 
resonant set equal to {^ = 7y = 0}. 

• if the nonlinearity is equal to uu, then the phase is (j) = — rj'^ -\- — rjff . Hence the space resonant 

set is = 0}, the time resonant set is {rj.f = 0} and the space-time resonant set equal to = 0}. 

These considerations explain why Germain, Masmoudi and Shatah focused on a nonlinearity of the form iff 
or the space-time resonant set being a point, it must be easier to deal with than the space-time resonant 
set of the case (where blow-up is expected). 


In our situation, like in the nonlinear Schrodinger equation with a |up nonlinearity, the space-time resonant 
set is a line; one more difficulty is that this line depends on the input and output Hermite modes. This kind 
of problem is a really new situation which will require a fine adaptation of the Germain-Masmoudi-Shatah 
method. 
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Remark 2.6. Here is how the integers satisfying the condition Ca,p distribute (in the case a = (3 = 
1; they all are on a surface of degree 3 but, more interesting, they seem to be uniformly distributed. 




Remark 2.7. This is also the reason why we add a mass to the harmonic potential : if we were to study 
dfu — Au + X 2 U = , the resonant structure would be much simpler, since the algebraic resonance condition 

would be false for all integers m, n,p. 

In order to study separately space and time resonant sets, a precise understanding of the phase and its 
derivatives is necessary: this work is done in Appendix [Al 

This study being done, we introduce the following functions, used in order to explicitly split the {f, rf)- 
frequency space into several zones: 

Definition 2.8. We define x to be a smooth function, homogeneous of degree 0 such that x(? 7 ,^ — rj) = 0 
for 1C - ??| < 2|7?|. 

The function 9 is defined as a smooth function supported on [0,21, equal to 1 on [0,11. For all R > 0 we 
define Or^x) = e{{R)x). 

Moreover we impose x ond 9 to satisfy Coif man-Meyer’s theorem’s hypotheses. 

Remark 2.9. The function x will allow us to make a paraproduct decomposition adapted to the convolution. 
The function 9^ will be introduced in order deal separately with high and low frequencies, and the parameter 
R may be time-dependent. 


Part 2. Long-time existence and uniqueness 

First of all, we are going to skip the proof of the estimate: 

Proposition 2.10. The operator B defined as 

aisy'—A+a:^ + l j g—/3is.y/—A+rc| + l 


(2.3) 


B(f) := f y- ^ ^^_ 

Jo a,/3=±i \/~^ + + 1 \/—A + a;| + 1 

satisfies, for all f, for all M satisfiying he condition (11.111) and N satisfying (11.121) . 


■ds. 


I|S(/)II5k< fs-i\\f\\lM..ds. 

Jo 

The proof can be found in |20] and relies on a product law for the harmonic oscillator (proven in [^) of the 
form \\fg\\^^ < ||/||.^„ + Wfh^ \\9 \\rn- 
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3. High regularity results - strategy for the weighted norm 


We now focus on the weighted norm and we want to prove the following proposition: 

Proposition 3.1. If U is the bilinear operator defined as 

then for all d > 0, for all M, N satisfying the conditions (11.111) — (11.121) . there exists a constant K{d) such 
that 


||H,„.n(/n,/m)||jj3/2 

^ m,n 

<K{5)(^j ||/||gM,N ap{s) + ||/|lsfw bp{s)^ ds + C{t)cp(t^ , 


(3.1) 


with C{t) = (t) = (ll/WIIsfW + ||/(l)|lgM,;vj and where (ap(s))pgN, (^p(s))peN and (cp(t))pgN are 
sequences of norm bounded by 1. 

Remark 3.2. Taking the norm (in p) of i3.1\) allows us to write 


^M{m,n,p)^Um,n{fnJrn) < K(S) ( f 

Tn,n ^ jgM '' ^ 

which corresponds to the inequality in Theorem \2. 1\ 

Proof of Proposition 13.11 : 

We know that 




~,M,N S S 


II .f||3 


ds + C(t)^ , 






r‘" wk) 


By the Leibniz rule the integral can be rewritten as follows: 




— ^m,n H” Jm,n H“ ^m,n^ 


where 


^m,n '— Id ^ 


Jm,n •— Id ^ 


Km^n := Id^ 


Wm {(.-mn 

e-^s jrn{v)dj{^-v) dr^ds, 

{mm (4 - V}n 
-is<kfm{v) fn{^-V){-0 


-dr]ds. 


{p)m ((^_,y)2 + 2n + 2)^/^ 

The integral term Jm,n will be treated in Section [31T] (Proposition [231) ; Km,n will be dealt with in Section 
13.21 (Proposition [23]). Estimating the integral term Im,n will be harder and explained in Section [3.31 
Although the estimates for Jm,n and Km,n might not seem sharp in view of their proof, they fit in the ones 
for the Im,n term, which is the harder one to deal with. 

3.1. Estimates for Jm,n We are going to prove the following inequality: 

Proposition 3.3. There exists (ap(s))pgN in the unit ball of such that 


-^p^ M{m,n,p)\\Jm,n\\L 2 < f (s) 

m.nGN 


ll/ll cM.n Opds, 


for all N and M satisfying 
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We are going to proceed in two steps: first, we establish n and m-dependent bounds on || Jm,n||j ;,2 ; then it 
remains to sum these bounds. 


3.1.1. Bounds for ||Jm ,„||^2 

Lemma 3.4. The following bound holds. 


(3.2) 


11^2 r +ii/^(s)ii^,) ii/„(s)ii^^ ds, 

Jo y/ Tfin \ / 


with defined in and B{fm){s) is the following quantity: 

(3.3) 


B{f){s) := ^11/(5)11^. ||/(s)||5^. 


Proof: 

Here we will perform two cutoffs: 

(1) the paraproduct decomposition, using the function x, equal to 0 for |^ — ry| < 2|77|. 

(2) high-low frequency cut-off: dss{\r]\) is the smooth function localizing in the zone \r]\ < s^. 
Write the norm of J as follows. 


I *^771,71 II 1^2 if: 




Wm (4 - V}n 


+ 


l«|9 /' f 

Jo J {V/m (C — r])n 


' J Xir],(-ri)0-0s^{\iq‘^\))e 


l?l 


{ll)m {£, — 'l])n 


drjds 


— II'^1-xIIl2 + II'^xiIIl 2 + ||•^x,^llL2 ■ 

We are going to estimate separately each of those three terms. 


T 2 


• Term Ji-x 
We can rewrite Ji-x as 


Ji-x = 


a 


1^1 


\i-v\ 




{V)7 


(C - V)7 


which allows us to write it as a bilinear Fourier operator: 




„-l8{D)n, I ,3 Xlfr, 

' {D), 


ds, 


with T^j the bilinear Fourier operator (defined in (??) ) associated to the multiplier 

l + C 


:= 


c 


(i-x(^,C)), 


which satishes Holder-like inequalities thanks to Proposition [B(9] 
The differential operator is continuous from to L^. Then 

"■'‘-J-("“‘"’"(It- 

Proposition IB.91 implies 


ds. 


L2 


(3.4) 


II Ji- 


l-xll L 2 


<r 

-ls(D)m 


\ \1 is{D)„ Xifn 

Jo 

{D)m 


' ' {D)n 


ds. 


L2 
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Proposition IB.41 implies that 


(3.5) 


{D)r 


< 


m *{s) U WfmWH^Wfr, 




Thus Proposition IB.31 inequality (IB.31ap . gives 


(3.6) 


1^1 


^„-is{D)„ ^ifn 


{D)r 


< n-2 


L2 




L2 


n\\Bs ■ 


The two inequalities (|3.5p and (|3.6p allow us to rewrite (|3.4p as 

(3-7) (s)"^ y^||/m|lijN ll/mlls, ll/nlls, ds. 

• Term 

First of all since we are in the zone {\/|CP + I^P < (s)'^} H {|^ — »?| < hi}, we can bound by 
(s)^ (up to a constant). This gives 


PxAl^ < 


{sf^ x{vA-vWsA\A\)e 


< 


[\sy 

Jo 


A 




xy 


{D)r 


{D)r 


ds, 


L2 


where rnA{^,r]) := x{vA~ (Ill'll)- Thanks to Coifman-Meyer estimates f Theorem IB. 71) we can 


write 


ikx4iiL=< 

Jo 


„-is{D)m 

{D)r 


„-is{D)ru ^ifn 

{D)n 


ds. 


L2 


The conclusion is the same as previously: we find 


(3.8) II< £ {s)^-im-in-i \\U\^^ ^ll/nll^. WAWbA^- 

• Term /j 

Inequality (IB.3Iel) will be crucial to deal with high frequencies. Firstly, can be rewritten as 


II'7x,/jIIl2 — 


a 


XivA - v)0 - Ss4\A\))\v\^^ e 

{V)m (4 - V}n 


< 




-is{D)n 

{D)n 


ds. 


L2 


with TO^ ^(?7, C) := I ^ x(^,C~^)(l~^s'*(h^l)). Then Theorem lR7l combined with Proposition lB.9l 


give 


(3.9) 


II'^X:^IIl2 ^ 


f 


{l-e^s{\D\))\Dye- 


is(D)„i /"i 


-is(D)r, 

(D)^ 

Loa 

{D)u 


ds. 


L2 


(3.10) 


First, by the multiplier estimate (IB.3Ial) . 

{D)n 


<ri-y\Ms)\\^^. 


L2 
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Then, the Sobolev embedding ||u||^oo < ||m||^n for TV > 1/2 - actually it is enough to use ||u||^oo < ||m||^i 
- allows us to deal with the other factor in (13.91) : 




{D)r 


< 


< 




{D)r 


L2 


{i-eR{D))\D\-^f„ 


L2 


Thanks to Proposition [R3l inequality (|B.3l-ep . 


(3.11) 


(l-0,.(|i^|))|i?| = e 


2 p is{D)r, 


fn 


{D)r 


ioo vm 


HN ■ 


Finally, using (13.101) and (13.111) in (|3.9I) gives 


1 

71 


r- ll'^X.^II L2 


< 




< 


0 

1 


||/m||jjN ||/ra|l B. 


(s) ||/m||^fN ll/nllsa^'®; 


as soon as TV > | + ^ (which is true because of Hypothesis (11.121) 1. 
Combining Inequalities (13.71) . (|3.8I) and (13.91) concludes the proof of Lemma lHTH l 


3.1.2. Summation Now that Lemma EH is proven, going back to Proposition 13.31 reduces to summing over 
the indices m and n, i.e. to proving the following result: 


(3.12) £“^.M(m,n,p) 

m,n 

with ||(ap(s))pgN ||^2 < 1- 


maxim, n )« 


/rrm 


(s(/m)(s) + ||/r„(s)||jj;^) ll/n(s)|lB, ^ II/(«) II sf “P («) > 


Proof : 

First of all, for all integers p, 

II/p(s)IIb. = ll/(s)llsf-^E”“«p(s)> 

with (ap(s))pGN in the unit ball of . Similarly, there exists (6p(s))pgN in the unit ball of iP such that for 
all p G N, 

ll/p(s)||jj« = ||/(s)|lgM,iV bp{s) 

< P~^ ll/(s)llsf'" ^p(s)> 

since N > 2M thanks to condition (11.121) . Finally, using that if (ap(s))pgN, (6p(s))pgN G P, then {y^apbp{s))p^f^ 
is in P, we can bound each of the factors 


S(/m)(s) ||/n(s)|lB, . II/m (s) || jjiv ||/n(s)|lB^ , 

}3{fn)is) ||/m(s)||B, , ll/m(s)llB, ll/n(s)llff" : 

by 

rn~^limis)n~^r]n{s) H/UgM.N , 

with (pm(s))mGN and (?7n(s))nGN in the unit ball of P. Then we can bound 

(s(/m)(s) + ll/m(s)||/^Ar ) ||/n(s)|lB^ < WT^ am{s)n~’^ Ms) ||/(s) || gM.iV , 
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with (am(s))TneN and (/3n(s))neN in the unit ball of This inequality implies 

max (to, n)* 


m,n ^ - 

^ \\rf Ml 2 M ,max(rn, n)4 -n a i \ 

^ ll/(s)lls'^'“P } M{m,n,p) - -= - m am(s)n j3n{s). 

Os — — t s/mn 


Then we are in the framework of the resummation theorem IC.ll fTl with a = \, hence 




(3.13) 


< ll/IIgM.N ap{s), 

with II (ap(s))pgN ||^2 < 1. Combining (I3.13|l and the integral inequality (13.211 ends the proof of Proposition 


3.2. Estimates for Km,n Here the property we need to prove is very similar to the one for J: this is the 
reason why the proof of the following property will be skipped (the details are in [10]). 


Proposition 3.5. There exists (ap(s))pgN in such that 



M 


M{m,n,p)\\Km,n 

m,nGN 



Up{s)ds. 


3.3. Estimates for Im,n The integral term Im,n concentrates the main difficulties of the proof: it corre¬ 
sponds to the case when the differentiation in ^ hits the complex exponential and appears to make 
long-time estimates impossible given the additional power of s given by This is the reason why we 

are going to try to find a way to get additional decay in time. We write 

Y,M{m,n,p)Im,n = 

m,n 

where 

(1) corresponds to the high frequency term: 

I^f :=^Mim,n,p)I^^„, 

m,n 

with 

:= -lei" I (1^ - ^D) 

the function Sg^dCI) being smooth and localizing in the zone |C| < s^. 

High frequencies are quite easy to deal with: in fact, since we are in a high-regularity framework, 
this means that the high frequencies have a small amplitude. This can be understood with the 
high-frequency inequality in Proposition IB . 3l inequality (IB.31el) . 

(2) corresponds to the high Hermite modes: 

with 

essmOss{\i-v\)isd^^e-^^^^^^^dpds. 

The idea of a high regularity leading to good estimates for high frequencies applies also in the 
framework of Hermite modes. 


15 













(3) I'/-'™ is the remaining term, corresponding to low frequencies and low Hermite modes: 

This last sum will be treated thanks to the space-time resonances method: in particular we are going 
to distinguish when there are space-times resonances (condition ([Cl, pagejH satisfied) or when there 
are not space-time resonances (condition © not satisfied). 

The situation is summed up in the following tree. 


m,n 


M{m,n,p)Irn,n f f -isd^(l}e —^dpds 

^ yj Jo j \P)m {q — p)n 



High Fourier modes 
term 
section S] 


High Hermite modes 
term 
section [S] 


Low Fourier and 
Hermite modes 
term pf 
section [HI 



Small times 


Large times 


Condition C Condition C 
satisfied not satisfied 

[Ql 


4. High-frequency estimates 

Since we are in a high regularity framework, dealing with high frequencies should not be problematic. We 
need to prove the following proposition. 

Proposition 4.1. There exists {ap{s))p^^ in Up, ||(ap(s))pGN||f 2 < 1 such that for all N,M satisfying 
Conditions (11.111) — (I1.12|) . 




p^ s WffgM.N apis)ds. 


m,nGN 


Proof: 


First of all, we are going to prove the following result: 

Lemma 4.2. For all integers m and n, 

\\lt{n\\^. <m^n ^ ||/„(s)||^. S(/„)(s)ds, 

a/W Jo 

whenever N satisfies (I1.12F 

The sum over m and n will be skipped: we are in the framework of the summation theorem lC.il with the 
same parameters as in Section [3.1.2l Proposition 14.II is deduced in the same way. 
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Proof of Lemma 14.21 : 

Recall the expression of 

■■= -lei" m - ^D) 

Our idea is to say that if |^ — ?7| + \f]\ is large, it means that either — rj] is large or \r]\ is large. In order to 
do so, we can remark that 

1 - 1)0^41C - v\) = (1 - Sss{\r]\)) + B,s{\r]\) (1 - 9ss{\^ - r]\)). 

Using the paraproduct decomposition (with the function y, equal to 0 for |C —?7| < 2|?7|) leads to the following 
splitting of 

where 

:=ICI" I* I sd^cj^xiv,^- ri) (1 - 0.. (|r/|)) 

Jo J {V/m ^/n 

:=ICI"^ J sd^(l}0-x{v,i-v))Ss>>M)0-Ss4\i-v\))e~"‘‘^^^^^^^^^dr]ds. 

We shall only deal with the integral term , the others can be dealt with in a similar way. 


Using the expression of d^cj) = we get 


i-n 


/I = 


Jo J \V\^ \B)m {i-V)n 

" sj^{l - e,s{\r]\))e-^^^\r]\i dr^ds 


0 J |7?|2 (Op 


(Om (C-Or 

fmiv) f, 

(Om (C-Or 


lo J \v\^ (C-0 

Let us focus only on /^’^, being very similar. 

3 

The bilinear multiplier associated to the symbol ( 77 , 0 xiv^ C) satisfies Holder-type estimates thanks 


to Lemma EO 




b IIl2 -- 


hf 

/mn Jo 


D 


{Dh 


\D\^^\l-0,.i\D\))f„ 


L2 


^-is{iD)„ 


fr. 


ds. 


Thanks to Proposition IB. 31 inequality (IB.SIcI) . we know that the multiplier is bounded in L^. Hence 
we can write: 

rt 


lL2 


< 


^ [ s \D\^/^{l-e,si\D\))f„ 
rrm Jg 


L2 


^-is{iD), 


fr, 


ds. 


Then Proposition IB.41 implies 


^ — is{iD)r, 


11/01 


Bs' 
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Thus 


lL2 




/mn 


{S)i \\\D\^^\1 - e^s{\D\))u\\^^ ^J\\fu\\H- Wfnh/S- 


Then use the high frequencies proposition IB. 31-^ to write 


lL2 




'mn Jq ^ll/nllffiV W/uWe/s 


Finally, in order to estimate the norm in the space Bg, we have to divide by \/J^- Then 


^11 


f 


maxim, n) i i 


/mn 


s) '* ||/m||//iV \J\\fn\\HN ll/nH^^cls, 


whenever N > y + |, which is true thanks to Condition (11.1211 . This ends the proof of Lemma 
This also ends the proof of Proposition 14.II ■ 


5. High Hermite modes estimates 


Proposition 5.1. For all M,N satisfying there exists (ap(s))pgN in P', ll(ap(s))pGN ||^2 < 1 

such that 


1 






vwr 


p 


n|lL2 


m£N,n>{t)^ 


m>{t)^,n£N 


< 


[\s)-i 

Jo 


j{s)ds. 


We are going to skip the proof of this result, the idea being similar to the one of the previous section: high 
regularity leads to a decay of high frequencies (details to be found in [10]). 

6. Low FREQUENCIES AND LOW HERMITE MODES ESTIMATES 
Our aim is to prove the following proposition: 

Proposition 6.1. If M and N satisfy Conditions there exists (ap(s))pgN, (l'p(s))peN and 

(cp(s)) in , with norm less than or equal to 1, such that 


£" E 


II < 

x/^ll 


J (^Q(s)ap(s) + C(s)bp{s)jds + Cp(t)R{t), 


with 


Qis) := {sr-^ ll/II^M,. , 

C(s) := {sf^+i\\f\\lM,., 

R{t) := {t)^+i (||/(t)|ls^« + ||/(l)|l5fw) . 

6.1. Intermediate result and snmmation In this section we are going to prove the following proposition: 
Proposition 6.2. For all m and n integers, and fV > |, 

1 


Vi 


\lif 






■a 




II/»(»)IIb.S(/U(»)S(/„)(») 1 * 


+ (Vn + 1 + \/m + 1) 


2 max(n, m )« + i 


/mn 


t-+-. [A{t) + A{1)), 


with A{f) = ||/m(t)||^JV B{fn)is). 
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Going from Proposition 16.21 to Proposition 16.11 is quite easy: by Remark 11.101 we know that 

( 1 ) the quadratic term can be bounded as follows: 

ll/m(s)|| //N B{fn)is) < a,n{sfn~^bn{s) ||/|||M,iV , 

with (am(s))meN and (&n(s))neN in the unit ball of 

( 2 ) the cubic term leads to a better bound: 

\\f7nis)\\jjN B{fm){s)B{fn){s) < in~^a^{s)n~^bn{s) ll/IIgM.N , 

with (am(s))meN and (&n(s))neN in the unit ball of Hence 

ll/m(s)||jjiV S(/m)(s)H(/„)(s) <mr'^^am{s)n~^bn[s) ||/||sM,n , 

with (am(s))meN and (&ra(s))neN in the unit ball of 

(3) a same bound can be found for the remaining term: 

^(0 ^ rn~'^^am{sYn~’^bn{s) ll/HgM,'^ , 

with (am(s))meN and (&n(s))neN in the unit ball of 
We fit in the framework of the bounded resummation theorem El}®, and Proposition 16.II is proven. 

The proof of Proposition [62] can be summed up as follows: 

( 1 ) first of all we say a word about small times (section ( 6 . 21 ) . 

( 2 ) then, for large times, we have to split the space in two zones: around the space resonant set and far 
from it. But the way of dealing with those zones will depend on whether Condition ([C]) (page® is 
satisfied or not. 

(a) if this condition is satisfied, 

(i) near the space resonant set, we are going to take advantage of the narrowness of the zone 
(Section l6.3.1|l . 

(ii) outside the space resonant set, we are going to perform an integration by parts in 77 and 
gain some powers of time (Section [O®- 

(b) if the condition is not satisfied, 

(i) near the space resonant set, we are going to take advantage of the non cancellation of the 
phase and perform an integration by parts in time (Section l6.4.1|) . 

(ii) outside the space resonant set, we are going to perform an integration by parts in ry and 
gain some powers of time (Section El®. 

6.2. Small times Establishing contraction estimates for small times is not a big matter when we study 
weakly nonlinear dispersive equations. In our situation, we have the following theorem: 

Proposition 6.3. For all 0 < t < 1, 

( 6 . 1 ) fsi\\U\H^B{U){s)ds. 

\/\t) y/mn Jq 

Let us remark that since we are considering times smaller than 1, we have < (s)“ 4 ; this is the reason 
why Proposition 16.31 will imply Proposition E® The elementary proof of this result will be skipped, but can 
be found in pp] . 

6.3. Large times. Estimates for „ with condition ([C|) satisfied We are going to prove the following 
result: 

Lemma 6.4. For all m and n integers such that condition is satisfied, for all M, N satisfying 
M.12\) and for all t > 1, 

(6.2) [\sf^{s)--^ \\U\H^BiU)is)ds. 

\t ^/ mn Ji 
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Recall that the study of resonances in Appendix (Lemma IA.2I) implies that if condition jC]) is satisfied, 
then the space-resonant set is the space-time-resonant set, and is the straight line = Am,™??}, where 


(6.3) 


A„ 


1 + 


n -I- 1 
TO -I- 1 


Hence it seems natural to distinguish two zones: close to this set and far away from it. 
Let V5®(^,??) := where 9 is equal to 1 around 0: localizes in the zone 

- Tj=f < < 

\/(s) 

Let us now write where 

• ijl’n is the low-frequency, resonant term. 

(6.4) I' I sd^^e,s{M)e,s{\^ - r?|)y.-(e,??)e— 

• is the low-frequency, non resonant term. 




(6.5) 


jlf,nr 

^m,n 




s9^(/)0,.(|7?|)0^s(|C - 77|)(1 - dr]ds 

Vl/m TJ/n 


6.3.1. Around the space resonant set, We are going to use the narrowness of the zone where we are localizing 
in order to prove the following result (which implies Lemma 16.41) . 


Lemma 6.5. For all m and n integers, for all M satisfying and N satisfying 


( 6 . 6 ) 


_ II II < 

|pm,n||^2 


/■<»> 


3 ^ max(n, m) 4 


/mn 


» ^\\fm\\HNB{fn){s)ds. 


Proof: 

First of all, we use the fact that in the zone where dgs{\ri\)6gS (|C ~ ??!) 7 ^ 0, we have |r?| < and |C ~ ??! ^ 
so ICI < t^, hence: 


I I 

I ^m,n \ 


L2 


<t~ 


j s95^6'ss(|??|)6's'5(|C - ??l)</?®(C,??)e 


-^s4, fm[v) fn{f-v) 

{V)m {^-V)n 


drjds 


L2 


Let us write 


(6.7) S{^, rf) := y/sd^(l)0ss (1C - ’7l)<P*(C, v)- 

Our aim is to get nice Holder-like estimates for the symbol S, which is a bilinear multiplier localizing in a 
narrow zone, around a curve: this is the point of the paper of Bernicot and Germain [5] , and in particular 
Theorem IB.Ill and its refined version Erl 


1. Study of the symbol S 

Here we are interested in size and width of the support of S and in derivative estimates. We have the 
following lemma: 


Lemma 6.6. The symbol S satisfies the following properties: 

• S is supported in a ball of radius p = s^, 

M 

• S is supported in a band of width oj = 

• the derivatives of S satisfy the following inequalities: 




a+6 


Hence the symbol S satisfies the hypotheses of Theorem \B.14\ 'with p = s^, UJ = 

Proof of Lemma 


\J max(m,n) \ 
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• It is straightforward that S is supported in a ball of radius . 

• Then, we have to determine the width of the support of S, that is to say the width of the zone 
\drj4>\ < So as to do this, use the asymptotics for computed in Appendix [XI 

(1) In the zone I 77 I <C y/m, (IA.3P applies, and the witdh of this zone is bounded by 


n) 

■ 

( 2 ) In the zone Iryj > Cyfm (c S R), since tf' yfs, we are in the asymptotics of (|A.5p . Hence 

35 

the width of the band |i9,7</>| < is less than 
This completes the proof. 

Finally, we have to estimate the derivatives of S. Thanks to Lemma lA.21 we know that on the band 
\dri4'\ < \d^<P\ ^ Hence the inequality is satisfied for a = 6 = 0. 

Then we have to study {\v\)(^s^ {\^ — 

— any derivative of ^ and rj of drjfj) or d^(j) is a sum of fractions of negative order in in 77 , and in 
m, n and p. As an example, we have dr^{d^(j)) = Then 


did’; id^^)\ < 1, 
did; {dr,<t>)\ < 1 . 


- then - v\)\ ^ 

— finally, 

= Vtdn{dn4>)0' (y/sdncj)) 

= y/sd^{d^(j))0' . 

We just proved that the different derivatives of d^4> were bounded by a universal constant. This 
leads to . 

Leibniz’ rule concludes the proof. 

Lemma 16.61 is now proved. I 


2. Estimates. 

The term to estimate is 




ds 


L2 


Jrr 

{D)r 


Ts I ^^-is{D)n 


Ju 

{D)r 


with Ts the bilinear Fourier multiplier associated to S as defined in (??). Lemma [6.61 and Theorem IB.141 
lead to the following estimate. 


Ts 




< y/ max(m, n)s = 

L2 


-is(D)rn 


-is(D)^ fn 

{D)m 

L2 

{D)n 


Now by the modified dispersion proposition IB.41 we get the following inequality. 


Ts 



fm — is{D)n fn \ 

{D)J^ p)J 


< y/maxjml^s ^ 

L2 



n 4s iB{fn)is). 
L2 
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Then, thanks to the linear multiplier inequality (IB.31al) . we obtain the final inequality. 

< 


Ts e 


^ — is{D)rn fm 

^ — is{D)n Jl 


{D)r 


{D)r 


L2 


\/max(m,n) m.i,,, i, f \i \ 


Now it remains to integrate over s, and divide by 'Jt to get the B norm: we obtain 

rt 


— 11/'^' 
Vt ^ 

which proves Lemma 16.51 1 


m,n 11 1^2 


< 


1 1 35 1 

\/s\/max(w,n) ||/^||^w g(/„)(s)ds, 

VtJi 


6.3.2. Outside the space resonant set, We have to take advantage fo the non-cancellation of we are 
going to prove the following result. 

Lemma 6.7. For all m and n integers, N > 3/2, t > 1, 

(6.8) ^ f {s)^^ {s)-^^ ||/™||^„ B{U){s)ds. 

^J{t) ^ ^/mn Jl 

Proof: 


1. Space resonances method. Write 


S Or^Cp ^ ’ 


The term can be rewritten as follows, for t > 1. 

I'I sa,4,eAMM( - ,l)(i - (e—) 

An integration by parts in rj leads to 


where 


:= 




=I1+J2+j3^j4^ 

{v)m — V)n 


dpds, 




:= _ 

:= - 

We will only prove 






lllML, < niax^)2 

w mn j I 


IL^ 


the inequalities for , j = 2,3,4 being treated similarly. The term is actually the harder to deal with 

(fy 

since the fraction gets big close to the space-time resonant zone. The terms of the form d^jf appearing 

in the terms , j = 2,3,4 are not really problematic: the difficulty coming from them is compensated by 
(p 

the absence of 

drjCp 
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2. Estimates for . The main problem arising here is to be able to find a bilinear estimate for the symbol 
(6.9) 


Ur^y) Urj(r 


This symbol does not enter directly in the framework of the Bernicot-Germain theorem IB. 141 In order to 
understand better the behaviour of this multiplier, we split the frequency space along the level lines of dr, 4 >. 
So as to do this cutoff in a smooth way, let us define the following functions. 

Definition 6.8. Let oj be a real function supported in [i, l] such that 

Vx y 0, ^(a;(2'^x) + uj(— 2 ^x)) = 1. 


Define the following functions 




2'“<r 




Ia<m — 'y ^ Uj (2 a). 


dri4^ dr) 4^ 


= E X+ s; 


1/2<23<Vs 


Now we can write 

( 6 . 10 ) 

where 

( 6 . 11 ) 

Then, we split dyadically the frequency space: the asymptotics of (j) and its derivatives strongly depend on 
the comparison between the size of the frequencies and the size of \dT^(p\: in Lemma IA.4I we obtain three 
different asymptotical regimes, depending on a parameter g{m,j,ri) defined by 

o2 




( 6 . 12 ) 


0 {rn,j,ri) := 


V 


2f TO 


To deal with this, we are going to use the smooth functions 1 .y |g| 2 _|_|^| 2 ^ 2 '= I|^|2+|,;|2<m- This is why we 

need to define the following symbol: 

j,k > dncf d-nf 

Let us finally rewrite the symbol S defined in (16.9p in order to take into account the different asymptotics 
for dn4>- Write 

S = M^ + M^ + M^, 

where M^, and are defined as follows. 

(1) The symbol corresponds to small values of |^|, |? 7 |. 


= ^ s; + s- 

\l/2<23<^ 

(2) The symbol corresponds to small values of the parameter g{m,j, 2^) defined in (16.121) . 

M==(i-%|.+i„|.<-) x: s**, 

l/2<23<Vs fc|e(mj,2'“)<l 

(3) Finally the symbol corresponds to the remaining terms, i.e. large values of g(jn,j,r]). 

= (1-I|^|2 + |^|2<^) 


S'* 


1/2<2J <y/s k\g{mj,2^)^l 


23 











If g G {1, 2, 3}, we write for 


J« : = 


!’^ dr]ds. 
Wm {^-mn 


With these notations, we remark that 

Jl = |^|l(jl + J2 + J3)_ 

1. Estimates for M^. 

Lemma 6.9. (Bilinear estimate for low frequencies) We have the following estimate. 


(6.13) 


1 




o TO ^ f* T 

niin(y^, y^) / ||/^|| ,B(/„)(s)ds. 

L 2 J mn JI 


Remark 6.10. Remark that the inequality (ICT) is stronger than the inequality (Ol) in Lemma o 


Proof: 

Let Jj be the following quantity. 




■ / ^I^P+I^/P<=f ""J 


^±^-is4, fm{v) fnii-V) 
{V)m {f-v)n 


where 5* is defined in (16.111) . 


First we will establish a bilinear estimate for the symbol I|j|2_|_|j,|2<s5'^- which will be denoted Sj for the sake 
of simplicity. Given the central symmetry for the level lines of dT^cj), estimates for S~ will also be valid for Sj' . 

Let us adopt the following strategy: first we study completely the symbol Sj, then we rescale it to fit in the 
Bernicot-Germain theorem’s hypotheses. 


Lemma 6.11. The symbol Sj satisfies the following properties: 

• Sj is supported in a ball of radius p = 

• Sj is supported in a band of width w = min(iym, ^/^), 

• the derivatives of Sj satisfy the following inequalities: for all a, b integers, 

dld^Sj < 2 ^{ 2 ^Y+\ 


Hence the symbol 2 ^Sj satisfies the hypotheses of Theorem B.l) with P= \l = , w = 2 min(^/m, ^/^), 
p = 2-T 

The proof is skipped here and can be found in m- 


Rewriting as a bilinear operator gives 


(6.14) 

Using Theorem IB.141 we obtain 


= 2^ 


T ~ I „-is(D}n 

2-®, I® {D)r 


T. 


2-3 s. 


fm 

— is{D)n fn 

{D)m’ {D)r 


fl,-) (pw)H5-l 



fn 

V l) ^ 

{D)m 

L2 

{L>)n 


< 


min(y^, y/n) 


-is(D)„, fm 


-is(D),, fn 

{D)m 


{D)n 
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Then use the Fourier multiplier Proposition IB . 31-al to get: 


(6.15) 

(6.16) 

Similarly, Proposition IB.41 implies 
(6.17) 

By (16.151) and (16.171) . 


(6.18) 


T. 


2 -iSi 


{D)r 


^-is{D)n 

{D)r 


^ - 1 = !!/■ 


L2 y/ll± 


mil L2 


< — \\U\hn 
,/rn 


<n ^B{fn){s). 


-is(D)m ^-islD)n 

(77),^’® {D)r 


^ min(m,n) „ ^ \ 

^ ■ ll/m|liJ« ^(/rail's)- 


L| n^^/m 


Now by (16.141) . (|6.18l) and since |^| < , we get 


(6.19) 

Then, since 


714 


< 2 -^^=min(y^,y^)s 2 s* ^ ||/„||^w S(/„)(s). 


L2 




1 

71 


^ 5<2^<Vs ^2 ^ ^ 5<2^<Vs 


Inequality (16.191) gives 
1 

71 




1^1" / H Jj(s)ds 

•'i i<22<yi 

^min(v^,7n) f \\fm\\HN B{fn)is)p=si^p= V 2^(is 

- '' '' 1 01 ./TT 


r<2^'<\/s 


^ 21“^ 


7T-4 r 

^=min(^, ^) / 
/ mn Ji 

which concludes the proof of Lemma 16.91 ■ 


S= S 7l/ml7w 'B(/„)(s)ds, 


2. Estimates for 

Lemma 6.12. (Bilinear estimate for high frequencies and small values of g{m, j,ri)) 
We have the following inequality. 


( 6 . 20 ) 


1 


77 ) 




< 


max(m, n)4 p 
m^/ mn Ji 




s^^s WfmWnN B{fn){s)ds. 


Remark 6.13. The inequality (I6.2()|) is stronger than the inequality (|6.8|) in Lemma 1 6 . 71 

Proof : 


Recall that: 




2fc 

^27 


<1, 2 >’>y/m 


2*= 

^27 


<1, 2 >‘>^/m 


We start by stating multilinear estimates for the symbol Sj^k = (the case S'^j. is similar). We skip the 
proof of the following result, very similar to Lemma 16.111 
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Lemma 6.14. The symbol Sj^k satisfies the following properties: 

• Sj^k is supported in a hall of radius p = 2^, 

c-)3k r\ — j 

• Sj^k is supported in a band of width uj = 2 m +2 ^ 

• the derivatives of Sj^k satisfy the following inequalities: for all a, b integers, 

\dtdlS,,k\ < 2\2^r+\ 

Hence the symbol 2~^Sj^k satisfies the hypotheses of Theorem \B.14 with p = 2^, uj = 2~^ 2 m+ 2 ^ h- = . 

If we rewrite Jj^k as a bilinear operator, 


ll'^t,fc|| l2 — 2P 

we can apply Theorem IB.141 to obtain 


To- 




Jr, 

{D)m" 




fn 

{D)r 


-islD)m p-iB{D)r, _ljg_ 

{D)J {D)r. 


T2-rS, e 



-is{D)„ 

fm 


-is(D)„ fn 

2m + 2 


{D)m 

L2 

{D)n 


by the dilation lemma IBTm 

Then, by the dispersive estimate and Proposition [RSj inequality (IB.SIap . 




71 3 2^^ 

<2^- - cS^t^ll/^ll g(/„)(g). 

L 2 J mn 2m + 2 -y/s 


45 i 1 


Now we sum over /c: 


E I 

2 ''< s '5 


L 2 mjmn ys 




Finally by sum over j and integrating in time, 


1 

vl 


E E JoAs)di 

2k<s^ i<2j<y^ 


< 


max(rn, n)^ 


m^/mn 


i: 


S^^S JlfmWnn B{fn){s)ds. 


L2 


This ends the proof of Lemma 16.121 ■ 

4. Estimates for M^. 

Lemma 6.15. (Bilinear estimate for high frequencies, and small values of j) We have the following inequal¬ 
ity. 


( 6 . 21 ) 


1 






L2 


^ max(m, n) 4 
< - - -max 


/mn 


i-)i: 


s s Jlfrullnk: I3{fn){s)ds. 


Remark 6.16. Inequality (I6.2ip is stronger than the inequality (16.81) in Lemma \6.7l 


Proof : 

Recall that: 


= 




dtkis)ds = 


r~i. 2'=>vM 


, J {V)m {f-v)n 


->1, 2k>^m 


First we establish multilinear estimates for the symbol Sj^k = Sff, (as previously, the case Sj is similar): 
we are not going to give the proof of the following result but it depends on the asymptotics found in (IA.6D 
and (|A.7I) . 

Lemma 6.17. The symbol Sj^k satisfies the following properties: 
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• Sj^k is supported in a ball of radius p = 2^, 

• Sj^k is supported in a band of width uj = 2i^2n + 2 ^2i maxfm. n)i . 

• the derivatives of Sj^k satisfy the following inequalities: for all a, b integers, 

\dtdlS,,k\ < 2\2^r+\ 

Hence the symbol 2~^Sj^k satisfies the hypotheses of Theorem \B.14[ with p = 2^, uj = 2^ p = 2~K 

This leads to 






L 2 


■ max(m,n)4 

< z-'- - - 2 2 max 


[y/n, y/m) 


S2<5s4^ ||/„||^jv B { fn ){ s ) ds . 
ys 


Here we are in the regime where 2^ < -^= < Hence the inequality rewrites as follows. 

= <2^ max ^n) \ j ^35^1 1 ||j^|| ^ 

L2 J mn W 'm J Ji y s 

Then summing over j and k and integrating leads to 


1 

71 


E E 

1 2 '=<s ‘5 i<2J<-s/s 


max(m n )4 

5 ,-max 


/mn 


El) [ 

m J Ji 


S^^S Hl/m|li/w S(/„)(s)ds. 


L 2 


Then Lemma l6.15l is proved. I 

Then gathering LemmaLemma [6.121 and Lemma [6.151 leads to Lemma [6.71 1 


6.4. Case where p > m, p > n but condition (|Cll is not satisfied We are going to prove the following 
lemma: 


Lemma 6.18. For all m and n integers satisfying and such that condition fC^) is not satisfied, 


— 11 /'^ 

Vi 


maxfm. H 3 ^ _i 


m,n 11 1^2 


< 


/mn 


S^V 7\fm\\Hn B{fn){s)ds 


+ 


max(n,m )2 /■* « 2 


I 


S^V-V\fm\\HN B{fm){s)Bifn){s)ds 


, / -— / -. 9 iiiax( 7 z, m') 4 55 |i / , / y , / ^ \ \ 

+ {Vn+l + Vm+lf - ^ t~+4 {A{t) + H(l)), 


with A{f) = ||/m(t)||//W B{fn)it). 


Recall the situation: in the case where p > m, p > n but condition © is not satisfied, there are no space-time 
resonances. When we are close to the space-resonant straight line, a normal form transformation should help. 


However, one of the main problems is that we do not have < \dri4'\- So as to deal with this new 

configuration, we are going to loosen the constraint on the narrowness of the zone close to S : this will make 
the estimates outside this zone easier. Inside it, we will be able to use the time-resonances method since (j) 
does not vanish. 

We are performing two different cutoffs: 

• d is a compactly supported C °° function equal to 1 on [— 1 ,1] 

• ^ 

• We have to choose a new function '0® localizing around the space resonant set. Our idea is to take 
the widest zone which does not meet the space-resonant set. Proposition [XS] will be very useful: if 
0 localizes in a neigborhood of size of *5, we can be sure that we will not meet the 

time-resonant set. 
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If we adapt the proof of Lemma I6.6L we know that the zone Idrjcj)] < d is of width \/ maxfrn. n)s^^d. 
Consequently the function can be chosen equal to 

(6.22) '0*(C)d) = ^ ^c'-\/max(27i,7i)s^'^(\/n + 1 + y/m+ . 

Then write 

[If — Tlf,r I Tlf,nr 
^m,n ' -^m^n i 


where 


• ill’ll is the space-resonant term. 

r [ Sd^cpe,si\rj\)e,s{\^ - r;|)V>-e— ~ ^^ dr,ds, 

Jl J {V/m {^—V/n 

• ^m’n^ space-resonant term: 


llllT ■■= 1^1"// ^d^^(^s4\v\)0s^{\^ 

6 . 4 . 1 . Around the space resonant set (ijl’n). 




fmiv) /n(C - V) 

{v)m ~ ffln 


drjds, 


Lemma 6.19. For all m and n integers, M and N integers satisfying \l.ll\) - hl.l‘A) . t > 1 , 


1 

Vt 




<B + Q + C, 


where B is the boundary term: 


B := (\/n -I- 1 -I- \/m -I- 1 )^ 


max(n, m) 


3 

4 


55 

t 2 


OO I 1 
9 . A 


{A{t) + A(l)), 


with 


Q is the quadratic term: 


A{t) := \\f^{t)\\H-^{fn){t) 

max(?2i, n)^+4 C 35 _i 


g max(?2i, n)'^+4 f 

JmE Jl 




and C is the cubic one: 


C := 


max(n,m)2 f* .gj 


(n, m) 2 r 
/ mn Jl 


S^^S-- WUIh:^ B{fm){s)B{fn){s)ds. 


Proof : 

First of all, use the boundedness in the frequency space. 


ll/'/.r 

11 m,n 


L 2 


< r 



S'9«^6's4ldl)6's^(IC - dl)V'*(Cd)e 


fmiv) /n(C - v) 

{V)m {^-V)n 


dgds 


L 2 


A. Integration by parts in t. Now we are going to use that there are no time resonances on the support 
of ■i/’®, i.e. that (p does not vanish. This will allow us to write the following equality: 

= -^ds . 

— Kp ^ ' 

Then write that 


35 

1 2 


[ [ sd^cpe^silpDe^sil^ - 'n\)ip^i^,g)e p dpds 

Jl J \'n)m — V/n 


35 

= t 2 


sd^cpe,si\g\)e,si\^-p\)rii,v)J^ds{e-^^^)^^^^^dvds 


L 2 


and perform an integration by parts. This operation leads to 
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where 


III {\r,\)9,. (le - r,\)rit 


fmiv) fn{i - V) 
(??)m {^-V)n 


drjds = 


2=0 



:= 

^Ir 

:=ti^ 

^l,r 


r3 

^l,r 

:= t^^ 

^l,r 

:= t^^ 


[ sd^^e^s (|r?|)0,. (1^ - r;|)V;^(e, 1 e— ^ dr^ 

J -Ifj) {V)m {i-V)n 

[ I a,,^eAlr,mA\( - riimi. 

Jl J -«<P Wm {^-V)n 


sd^^ds - V\)r{^,v)] -1-e-^^^l^l^^^dvds. 

'1 J -^9 Wm {^-0)n 

B. A preliminary result. The terms If j. can be written as bilinear multipliers associated with the same 
symbol. We are going to take advantage of it and prove a general result about the multiplier associated to 
the following symbol: 


s{^,v) ■= 


1 


(\/n + 1 + Vm + 

Lemma 6.20. For all g and h we have the following inequality. 


0 )^s^ {\v\) 0 s^ (I? - vWii, v) 


1 




.-is(D)m 9 -zs(£))n ^ 

{D), 


max(n, to) 4 _i 

< - - - s 4 


L 2 


Il 2 


Ilfl-N W'^Wba 


with Ts the bilinear operator associated to S as defined in ('ll). 

Proof : 

We want to apply Theorem lB.141 to do this, we have to estimate the size of the support of S and its behavior 
with derivation operators: 

Lemma 6.21. The symbol S satisfies the hypotheses of Theorem\B.14\ with 


1 


p = s , U} = 


r, g = ^•\/max(TO,n)s^'^(-\/n + 1 + \/m + 1)^5“^^ 


-1 


(Vn + 1 + V™ + 1)^5'^ 

Proof of Lemma 16.211 : 

We are only going to detemrine a value for /x, i.e. we are going to prove that 


a +6 


\d^dfiS{f,g)\ < ^•\/max(rn,7i)s^'^(\/n + 1 + \/to + 

So as to prove this inequality, we need to understand the effect of differentiation on each factor in S. 


|i9^0| < 2 and 




< 2 for all a, b such that a + b > 1. 


dldfi0 


< ^ 1 for s > 1. 


finr = 0 ^•\/max(TO, n)s^'^(\/n + 1 + \/to + l)^s^\dn'(>\j hence, given the boundedness of derivatives 
of dnfi, 

< ^\/max(TO,n)s^'^(\/n + 1 + \/m + 
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• Finally, by Proposition IA.3[ 


and 


TTT ^ [y/n + l + Vm + 

m 



W 


< {{y/n+ 1 + Vm + • 

This ends the proof of Lemma [6.211 ■ 


Then applying Theorem IB. 141 leads to 




< 


/n\ /n\ I - \/max(m,n)s 

\-^/m W/n/ i2 

Thanks to the linear multiplier estimate (IB.dlap . we finally obtain 

h 

(D) 


35 


9 

1 

7T.4 

h 

{D)m 

L2 A 

{D)n 


VK2- 




(^)r 


L 2 


< Vmax(m, ri)s^^ -^ 11 ^ 11^2 


V~s' 


^ /- 7 -T —1 II / Ml *. 7/7 \/ \ 

< Vmax(m,n)s^''- - s 4 \\g{s )\\^2 B{h){s). 


The result is the same when exchanging the roles of g and h. This ends the proof of Lemma [6.201 


C. Application to The integral can be rewritten as follows. 

1 




{V)r 


(C - v)r 


dg 


J -*</> {v)-m {C-V)n 

\ {lJ)m {^/nj 


Then thanks to Lemma 16.201 we have the following inequality: 
(6.23) 


^ II/,° 






M / J -V J -max(n, m)i , , , , , , 

< (Vn + 1 + Vm+l)h- + ^ -M=-^ iAt) + ^(1)), 


/mn 


with A{t) = ||/m(t)||ff,v Y^||/n(0llffJV ||/n(<)|lBt- 
D. Estimates for ll^. First we give the following formula for 


I}, = / Ts { 


{D) 




{D)r 


ds. 


Then dividing by and using Lemma 16.201 gives 

||-[^!V||i2 ^ _|_ 1 _|_ Vm + 1)^ J ^'5 ^ 

< + 1 + \/m + 1)^ 


Jrr 

{D)r 


^-it(D)„ Jm ^-is(D)„ 


{D)r 


ds 


L 2 


_Mmax(n,m )4 

S = - -]= - ll/m|li2S ^B{fn){s)ds. 
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Then we have the following inequality: 


(6.24) 


1 II II ! -V ! --,2niax(n, m)4 a i 


/ mn Ji 


S^S ^ \\fm\\H!^ B{fn){s)ds. 


E. Estimates for We proceed as for ll^ and get the following. 
1 


Vi" 

Now remark that 


^l,r II ^2 


< 


5r, , - , - ,9 f max(n, ?7 

t^\VnTT + ViVTTf / s-^ 

Ji V^ 


2 f max(n,m)4 _i 

' " S ^ \\ dsfm \\ L ^^{ fn )[ s ) ds . 


idsf+,m — 6 


= 2 


^ -is{D)^ ( M+,m M-,- 

V {D)m 

where u±^m = Now we use the space-time resonances method. For the sake of simplicity we 

write the following inequality: 


ll^s/mll ^2 — 




L 2 


= m: 


'm\\L2 


< 


\Um\\L^ llWmllioo 


Then given the expression of Um and the dispersion inequality (15.Ill , this inequality holds. 


7714 


||5s/m||i2 < ^ ll/mllia ||/m||^|,l 


< 


7774 


S4 


WfVls.- 


This leads to 


(6.25) 


— 'r IIl2 ^ ^ iV ^ + 1 + \pmWiV 

Vt 


/■" max(n,m)4 _im4 / 3 

X j S - 54 ^ Y /m //Af /m 5 .S(/n)(s)ds. 

Jl S3 '' 


F. Estimates for Vr Vr skipped since they can be treated as even if we differentiate the 

function 0,. 


We finally gather Inequalities (I6.23p . I|6.24p and (16.2511 : Lemma 16.191 is now proved.I 


6.4.2. Outside the resonant set. The lemma to prove is the following one: 
Lemma 6.22. For all m and n integers, N > 3/2, t > 0, 


— 11 /'^ 

Vi ^ 


771,71 11^2 


< 


maxfm, n)^“''4 


s ll/m||j 7 N B(fn){s)ds, 


where lV]V defined in \6.5\} . vaaeWK 

Here the estimates are almost a copy-paste of the method developped page [ 


with these two changes. 


(1) The term Iclj/)! is no longer smaller than 
zone drjfi ^ —2~fi 


Then the quantity 


^£0 

dr,(p 


is bounded by 2^ in the 


31 
































(2) We also define the symbols Sf, S^f., M^, M^, M^, etc. However, given the change of localization 


(6.26) 

Since 


around the space resonant set (cf. the definition of (16.221) 1. the equality l|6.10|l becomes 
d^cf) d^cj) _ 


{i-r) 


1 




E 

1/2<2J <-\^/max(m,n)j:'^^(\/n+l + \/m+l)^ 


sf + S-, 


E 


4.85 


2J <-\^/max(m,n)j:'^'^(\/n+l + \/m+lV 

we have the following estimate: 


2^-^ < max(m,n)^—p, 
VS 


1 


II Tlf,nr 
I pm,n 


L2 


< 


maxfm, nl^~*~4 


'i,nY+i r 

' ran Ji 


M 

s 2 s 


WUIh- B{U){s)ds. 


Lemmas 16.191 and 16.221 give Lemma 16.181 


Then, Proposition [^21 is proven by combining Propositions 16.31 WM and [5.181 

Remark 6.23. The case where p <m or p < n should also be treated separately, hut estimating this term is 
very similar to what we did in the case "p> m, p> n but condition 17^ not satisfied" (Section \6.4Y actually 
it is even easier since we do not have time resonances. 

Finally, Proposition 14.11 Proposition 15.II and Proposition l6.1l lead to Proposition l3.ll 
Propositions 13.Il and l2.10l give Theorem 12.11 and consequently Theorem 1X1 is proven. ■ 


Part 3. Resonant system 

7. Derivation of the resonant system 

If we want to study the dynamics of dD, a good way to proceed is to study the resonant system associated 
to this equation. The Duhamel formula for dD is the following 


where 


f±,pit,0 = f±Ao,0 + Diif,f), 


m,n q;,/3=±1 


It describes the interaction between Fourier modes (input frequency rj and ^ — ^7, output frequency <J) or 
between Hermite modes (input modes m and n, output mode p). We saw in the study of existence and 
uniqueness for the original equation that some modes are resonant: more particularly, they can be space 
resonant when djj(j)'^^^ p{^,ri) — 0 or time resonant when = 0- These resonant interactions must 

be the ones governing the dynamics of the whole equation. 

In this section we are going to determine these resonant interactions and the corresponding resonant equation. 
Space resonant interactions. The first step is to remove the interactions which are non resonant in space, 
i.e. the interactions such that dpcj) Y 0- Appendix lAl the cancellation of is studied in detail : 

(1) if a = —jd and m = n, then drjf is identically zero for ^ = 0, and does not vanishes for ^ ^ 0. 
Moreover f never vanishes. 

(2) otherwise, for all ^ there exists one and only one ?7o(C such that dp(j){£,,r]o{^)) = 0: 

doif) ■■= where A“’^„ =- 

1 + 

Hence it is natural to approximate the Duhamel formula as follows 
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(1) first, if m = n and a = —/3, the non-cancellation of dj^cj) allows us to perform an integration by parts 
in ? 7 , and consequently gain a decay in s. That is why we are allowed to remove those Hermite modes 

al3M{n,m,p) f f drjds. 

a,/3G{±l} 

m^n or 

(2) then if m n or a ^ /3, we are in the framework of stationary phase Lemma: the behavior of the 
oscillating integral in t] 


/ 

JR 


{V)m {^-V)n 


is governed by the frequencies on which dri(f> vanish, i.e. 


/ 


n p //3,ra(^ 7 

{V)m {i-v)u ^ 


c 


s\dM^,Vo)\ 


pii’Voii)) /a,"i-(^o(0) ffi,n{s, VoiO) 

{VoiO)m {^-Vo{0)n 


for some constant C. Hence the following approximation for Di{f, /): 

-^0 ./s|a2</>(e,r;o)| (^0(e))m (C-%(0)n 

a,/3G{±l} * 


ds. 


j./3e{±i} 

m^n or cx.^—^ 

Time resonances. Now the space nonresonant interactions have been removed, the approximate formula 
we obtained is a sum of oscillating integrals of the form 


/ 

JO 


The integrals for which p is different from 0 are more likely to be neglectable compared to the ones 
where it is. But vanishes on the zero set of Orjcfy^^^p if and only if the condition jC]) is satisfied : 

(C) + p^ — 2mn — 2pm — 2pn — 2m — 2n — 2p — 3 = 0. 

Hence if ([C]) is not satisfied, the integral 


f 


UMO) fdAi - miO) 


ds 


lo ^s\d^(j){^, 770)1 (^o(O)m (C VoiO) 

is an oscillating integral. Hence the approximation 


D 


ifj)-[ E 

^0 _^ 


0 m,nez a/s|92(/)(^, 770)1 {^rri,n0m ((1 Xrrl,n)0n 

a,/3G{±l} V 
m^n or ot^ — 0 
\C\ satisfied 


ds. 


The resonant equation is the following one 

(7.1) f±At,0=I±AQA)+ [ E —f 

m,n^Z \h 


C A,AKl%i) //3.n((l - 


t\d‘i(j){^)'no)\ (Am(nC)m ((1 


Q:,/3 


a,^G{±l} 
m^n or cx.^—^ 
satisfied 


ds. 


Given the heuristic approach we made, it is natural that this equation approximates correctly the dynamics 
of the original equation. So as to prove this, we are going to proceed in two steps: 

(1) first of all, we have to show that the solutions of the resonant system exist for a time at least as long 
as the solutions of the original system (we are even going to get a longer existence time). 
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(2) then we have to prove that the solutions of the resonant system are a good approximation (in a sense 
explained in section El) of the solutions of the original one, as long as the former exists. 


8. Long-time existence for the resonant system 

The resonant system being simpler than the original equation, it seems reasonable to find an existence time 
at least as good as 1/e 3 where e is the size of the initial data. 

Our target is the same as in the proof of Theorem |A] : we are going to prove contraction estimates for the 
operator Res±^p(/,/). In order not to be too redundant, we are going to gather all the technical details in 
one proposition. 

Since the Duhamel formula is symmetric in n and m, we are going to prove a contraction estimate for this 
“half Duhamel formula”: 


( 8 . 1 ) f±,p{t,0 = f±,p{^’0 + f — 

^ m,nGZ \ ' 


c //3,„((i - 


s\d^(j){^,r]o)\ i^rn^nOm ((1 Am(ri)0 


q:,/3 ■ 


a,/3G{±l} 

m<n 

m^n or ol^ — 0 
iC\ satisfied 


ds. 


Remark 8.1. This equation is different and much simpler to deal with than the Duhamel formula (11.171) 
for the original equation dD. In fact, it does not involve any integration in then estimating the integral 
term will be based on Young’s inequality instead of Holder-like inequalities. 

We are going to give a few useful bounds for A = A“’^ := 


(1) If a/3 = I, then A and 1 — A are bounded by 1. Otherwise, since m n, the maximum of A is reached 
for |n — to| = 1. This leads to the bound 

(8.2) |A| < min(TO,n). 

(2) Since we are in the case to < n, we also have the bound 

I 


(8.3) 


1-A 




8.1. A preliminary bilinear estimate 

Proposition 8.2. Let a, b, c, and d be four integers, to and n two integers with m < n. Then if we define 
S = S{a,b,c,d) = we have 


^ ^Ad ((1 - A)0. 


< 


||/m|ls ||/ra|ls : 


where 


1 / 7 \ / 7 \ I 0 if c < d, , A, n f max(c, d) if cffd, 

aA6 = max(a,6), e(c,d) = ^ 1 ^ ^ and A(c, d) = | ^ ^ 


For example, for a = l,b = N,c=d = 0, we have 

XAT /a,m(AO fl3,n{{I “ A)^) 




{XOm ((1 - A)Or 

If a = 3/2, 6 = A, c = 1, d = 0, we have 


\^S/m U-^ ^js/n 


< 


II/- 




< 


/mn 


11 / 
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Proof : 

Let us only prove two cases: a > b, c > d and a > b, c < d. 
li a > b and c > d, then 


(Aer((l-A)0'’v^ 


dlUM) - X)0 


(AO. 


((l-A)O. 


< 


< 


m(AO 

\^S/m 


((l-A)O' 




((l-A)O. 


.dlfa,m{0 


(Or 




(Or 


by a change of variable (dilation). Then, since the norm of the multiplier ig bounded by (Proposition 

[B3R1) . 


(A0“((1-A)0'’^ 


dlU,M)dlU,n{{^-X)0 

{XOm ((1 - A)On 



CdlfcmiO 




Then by continuity of the Fourier transform, 




< 


\\U,m\\ 


H-iix)-) ■ 


By —>■ L°° continuity of the Fourier transform. 


edffpAO _ ^ F ^ //5,™|Li 


< 




by Proposition IB. 11 Then 


Moreover, 


D X //3,r!,||j;^2 0 ll//9,rt||^fl)(^a,)d) 0 II //3,rt ll/fa ■ 


xD^ = D^x - bD 


b-l 


Hence, 

0 ll/,S,n||//a(^3.)c) • 

This proves the theorem in the case a > b and c > d. 

In the case a > b, c < d, then 


(A0“((1 - A)0 


,5|/«,™(A0 9^F.n((l-A)0 


(AO. 


((l-A)O. 


< 




(AO 


^dlfa,m{X^) 


< 


(AO 


((l-A)O 


,dlf0,n{{l-X)O 


( 0 . 


\/\ — X 


((l-A)O. 


( 0 . 


by a change of variables. Then using the bound (|8.3I) reduces the problem to the previous case. 
Hence gathering (18.4F (18.51) and (18.61) prove Proposition 18.31 ■ 
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8.2. Bilinear estimates for (|8.1I) . We are going to use Proposition 18.21 to prove the following one: 
Proposition 8.3. Let N > ^. Then, if 

1 uAa - m 

(AO™ ((l-A)On ’ 

we have the following bounds 

3 1 

II -1 II ^ ^ 

Ik ~ ,yrrm ll■^“’™llff"«a^)2) ll//3."llff«(<x)2) ■ 

Proof : 

We are going to prove the estimate for the weight (x)^, the weight (x) being dealt with similarly. We are 
simply going to estimate the norms of and 

(1) We first recall that 




2m + 2 


+ £- 


2n + 2 


( 7 ? 2 + 2 m + 2)2 _ ^)2 2 n + 2)2 


where e = aj5. Then, if 77 = :=- ^ ; a calculation shows that 




2m + 2 


A(A20 + 2m + 2)^ 


Hence 


^ < (Aoi, 


\dU\ 


2m + 2 


by the bound (j8.2l) on A. Then 


icn/i<i?r(Ao 


N / \ c\i 


(AO. 


//3,n((l - A)0 


((l-A)Or 


If we write |0^ = (i_7)W 1(1 — A)0'^, by the bound (18.311 we have 

9|da,rn(A0 9|/^,n((l-A)0 


|0^|/|<m^(AO“((l-A)0^ 


(AO. 


((l-A)O. 


with 


a = -, b = N, c = 0, d = 0. 


Then we are in the framework of Proposition 18.21 and we conclude by 


(8.4) 




Af 7-11 < 

L2 ^ 


3 

m4 


II/a II //3 jnllpfW ■ 


(2) Then we have to do the same for the weighted norms, i.e. for the f derivative of /. We can write 

1 /a,™(A0/^.n((l-A)0' 


d> 




Y|52<^(0%)I ((i-A)O. 


= h h 
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where 


h ■■= dc 


h := 


djo.,n.m knia - m 


1 


\dM^,Vo)\ 


--X- 


(AO. 


((1-AK). 


h ■■= 


h ■■= 


h := 


1 




y2i- fa,m.{K) //3,n((l - A)$) 

= ^ (AO^ ((l-A)an ’ 


^1920(^, 770)1 

1 /a.m(Ae) 
^1920(^, 770)1 


/a.,n(A0^1_^)9^/;3.„((l-A)0 


((l-A)Or 


_ ^^2^//3,ri((l A)^) 


((l-A)O^ ■ 


The expression of 


9« 


1 


IS 


Ai(A0 


|9^0(?,77o)| 


V2m + 2((A02 + 2771 + 2)4 


This given, we can write that for every j, 


ler/, < 7n'^^(A0“^((l - A)0'’-' A)e)^^^^ • 


The values of the coefficients are summed up in this array. 


j 

aj 

0 

c? 

dj 

7.7 

1 

1 

N 

0 

0 

3/4 

2 

3/2 

N 

1 

0 

3/4 

3 

1/2 

N 

0 

0 

3/2 

4 

3/2 

N 

0 

1 

3/2 

5 

3/2 

N 

0 

0 

3/2 


This implies, by Proposition 18.21 


(8.5) 


\^rd^i\ 


L2 


< 


m2 


/mn 


ll/c ll//3.n|| 


(3) Dealing with the weight is very similar: we have to compute 


9f 


Ai(Ae) 


As ^ + 2 A 2 (m + 1) 


\/2m + 2((A,^)2 + m + 1)4 J ^2m + 2((A^)2 + 2m + 2)4 
This quantity can be bounded as follows: 

Ai(Ae) 


9e 


V2777 + 2((A02 + m + 1) 4 


< A- + A4. 


When applying to Ij we will get a sum of five terms /jp,..., We state that for all 1 < j < 5 
and 1 < fc < 5, for all iV G N, 


ICr^fe < mT'^''''(A0“^-'“((l - A)^)''2.'=A"(^7'fc.d,..) 


95"'‘/a,m(Aa 9“-'“//3.n((l - A)0 


(AO. 


((l-A)O. 
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with the parameters satisfying the following bounds: 

3 

0-j,k < 2> 

bj,k = N, 

“t" ^ 2, 

9 

l3,k < 2- 

Hence we obtain 

9 

(8-6) lll^l 9{/||^2 ^ ■ 

Hence gathering (18.41) . (18.51) and (18.61) we prove Proposition 18.31 ■ 


8.3. Prom the estimate to the theorem Now we are going to prove Theorem [Bl fin the case of a weight 
equal to (a^i)^)- More precisely we are going to prove the following proposition which leads to the theorem 
by a contraction argument. 

Proposition 8.4. Let N > ^, M > 6. Then if fo G TL^{{xi)^), then for all t, 


\\f{t)\U 


< 


VtWfim; 


Proof : 

The proof only consists in summing over m and n the inequality proven in Proposition [§31 We first write 

rt 


fp,± 


< 




[ (0^ Mim,n,p)—= 

^ m,nG^ \/^ 

^ pcZ-i-i\ V 




s\df:(j){f,r]o)\ ((1 — Am|ra)C) 


a,^ • 


a,^e{±l} 
m^n or cx.^—^ 
m<.n 

0 satisfied 


< 


[ (0^ M{m,n,p) 

Jo _ 


m,nGZ 
a,/3G{±l} 

m^n or ol^—^ 
m<.n 

0 satisfied 




ds 


^ 770) I {Xrn%f)m ((1 Am’^ra)C)r 


ds. 


Then by Proposition 18.31 


p,± 




pt _^ ^ Y 

0 •*yi n ’ 


m,nGZ 
a,/3G{±l} 
m^n or oc^—j. 
m<n 

0 satisfied 
,-M 


Then, using ||/a,m||/ 7 Af(^^^) 2 ) < rn ^ integrating lead to 




P,± 






-M 


m,neZ 
a,/3e{±i} 
m^n or 07 ^—/3 
m<.n 

0 satisfied 


Since M > 6, we are in the framework of the half resummation Theorem 1C.II -(151) : there exists a sequence 
(Mp(f))pgN in P such that 




/p,±w 




< Up(t). 
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This proves Proposition 18.41 ■ 


9. Validity of the approximation 

Let / be a solution to the initial system with initial data /q. Let 5 be a solution to the resonant system 
with the same initial data. Our aim is to estimate the difference h := f — g. We are going to prove the 
approximation theorem [Cl 


9.1. Duhamel formula for h So as to clarify the notations, let us call Di and D 2 the two following bilinear 
forms: 


(1) the bilinear operator Di corresponds to the Duhamel formula for the original equation: 


Di{a, b) ■— E E aj5M.(n, m,p) 

m,n a,/3=±l 




{v)-m - V)t 


with M(rn,n,p) is the interaction term between three Hermite functions (11.411 . 
( 2 ) the bilinear operator D 2 corresponds to the resonant equation: 

Csp ^/3,ra((l ~ Knpi)0 


D- 


i(a,6) := f 

Jo 


E 


rio)\ i^rrl^nOm ((1 r 


ds. 


a,/3G{±l} 

m^n or 
\C\ satisfied 


with Csp the constant occuring in the Stationary Phase Lemma (Proposition IB.lSp and = 

(i + o/^V®) '■ 

The Duhamel formula for h can be written as follows: 


h = f -g 

= DiifJ) - D2{g,g) 

= Di{g + h,g + h)- £> 2 ( 5 , 5 ) 

= Di{h,h) + 2Di{g,h) + {Di - D 2 ){g,g). 

Our aim is to estimate the norm of h in terms of t and e (the size of go). So as to do it, we will first 

establish a differential inequality and then use Gronwall’s Lemma. 

Lemma 9.1. LetAf{t) and M.{t) he the and norm of h{t). Then 

■^(^) 1 $ J + s~Af{s)M{s) + s~eAf{s) + (s)“^£^ + ds. 

Before going through the proof of the lemma, let us prove the approximation theorem. 


Proof of Theorem [C] : 

First of all, whenever t < Ce we know by Theorems lAI and iBl that 

Mit) < e. 

Then the previous inequality can be rewritten as a Gronwall inequality 


A/'(t) (^j s5+‘^e2A/'(s) + s"3+“eA/'(s) + + s‘^sh^ds^ 


3(1 + ^) 


which can be simplified again, by using e < Ct ■i 


< Cs~is~'i 

<r" O— 

O O O J ^5 
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which leads to 


< CK / s~^'^^sJ\f{s) + {s)~^e^ds 

Jo 

rt 

< ^ . 

fo 


CKln{t)e'^+ CK f s-3+“eA/'(s)ds. 
Jo 


Then, Gronwall’s lemma gives 


< CK\n{t)£^ + j CK\ii{s)£^CKs ^''"“eexp J r ds 

CK\n{t)£^ + {CKfe^j^ ln(s)s"^+^‘^ exp (cK£{t 


< 


Whenever t <Cs 3 +“ , we have 


- 54 +'^) 1 ds. 


CK 


CK\n{t)£'^ < —\n{l + C'^e-—)e^<e°‘, Va < 2, 
exp < exp (^CK£^) , 

{CKf£^ [ \n{s)s-i+^‘^ds < [CKf£^t^+‘^^ < {CKf£^£-^. 

Jo 

This proves that for all a < 2, for all co such that 3 — > a, i-e. uj < 3|^ there exists a C{a,uj) such 

4 

that, for £ small enough, for all t < C(a,w)£“3+" , we have 

M[t) < e“. 

This proves the theorem. ■ 


(9.1) 


Proof of Lemma 19.11 : 

First of all, it has been proven in Theorem 12.II that the operator Di satisfies the following inequality: 

\\Di{a,b)\\gM.N < f s‘^{s)-i \\a\\^2 ||&||sM,n +s‘^(s)i ||a||^2 || 6 ||gM,iv ds 

* Jo 

This allows to bound the terms Di{h, h) and 2Di{g, h) involved in the Duhamel formula for h. The rest of 
the proof is devoted to the bounds for the remainder term, i.e. 

Di{g,g) - D 2 {g,g). 

In order to estimate the term Di(g,g) — 1 ) 2 ( 5 , < 7 ), we are going to write it according to the heuristics done 
in Section [71 we are writing 

-Oi(5,5) - ^2(5,5) = Sl±^p{g) + NR±^p{g) + Osc±^p{g), 

where 

(1) SI±^p{g) is the self-interacting term, corresponding to the Hermite modes giving birth to a non space 
resonant mode for all ^ 7 ^ 0 : 

SI±,p{g)-=^ ^ aPJ\4{m,m,p) f f dgds. 

m c=±l. /3=-a -^0 ■'* 

(2) NR± p{g) corresponds to the stationary phase remainder: 


NR±,p{g)-- otj3J^{n,m,p)NR^^^{t,Cj, 


m,nGN 
a,^C{±l} 
m^n or a.^—^ 
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with 


ds. 


Jo [-/m iv/m (? — vi)n 

L,mivoiO) U,u{^ - VoiO) 

y/t|52</)(^,r;o)| iMO)m {^-Vo{0)n 

(3) Osc±^p{g) corresponds to the modes giving birth to time resonances, i.e. 

Osc±^p{g) := ^ aPM{n,m,p) f f dgds. 

a,/3G{±l} 

m^n or ol^—(3 
\(J\ satisfied 


The next three sections will be dedicated to bounding those three terms, and more precisely proving the 
following inequality 

(9-2) \\Di{g,g)-D 2 ig,g)\\p ^2 < ds. 

Then combining (19.111 and (19.211 give Lemma [9.II 


9.2. Estimates for the self-interaction remainder We are going to prove the following lemma: 


Lemma 9.2. There exists a sequence (Mp(s))pgN in the unit hall of £'^ such that 


P^''\\SI±,p{g)\\p^2 < [ Up{s)^ds. 

Jo \s/ 

Proof of Lemma 19.21 : 

We want to estimate the norm of 


E E 

m a=ibl, 0— — a 


m, m, 





9a.,m ^91 ,771 (g-d) 

(d)m ~ V)m 


dgds. 


We know that in this case the quantity VoiO) never vanishes except when ^ = 0. This is the reason 

why we will handle separately the zones around and outside the origin. 

Let X be a smooth function, compactly supported, which is equal to 1 on [— 5 ,^] and 0 outside [—1,1]. 
Then we write 


E E al3A4{ni,m,p) f f 

™ _ 1 . o _ do dR 


9a,m{ji) 9/3,V) 


dpds = Sis + SIi, 


Sis := 


(d)m (C - V) 

■■= x(e)E E cxPM{m,m,p) f [ ~ 

_ I 1 ^ JO 


m a=ibl, 0— — a 

with Sis corresponding to the small values of £, 


m a=±l, 0— — CX. 


{V)m if - V)r 


dgds, 


and SIi corresponding to the large ones. We will use two different strategies for these integrals : SR will be 
bounded by using the time resonances method, SIi by a stationary phase. 


9.2.1. Study of Sis- In the zone j^j < 1, the phase 4‘m%,p does not vanish and is easily bounded. In fact, 
since /3 = —a, 

C’!L.p = + 2p + 2 + a (^^/g^ + 2m + 2 - . 
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Since |f| < 1, 


\/ry2 + 2 to + 2 — a/(^ — 77)2 + 2m + 2 


< leisup 


\v\ 

yjrf + 2m + 2 


< 1 . 


Then 

Then it is possible to use the time resonances method, applied in page [55] for example. Writing 
we get, by integrating by parts, 

'^4^Tn,m,p 


Sis = Sll + SI^ + Sll 


with 


• Sll is the boundary term 

Sll:=xi0j2 E al3M{m,m,p) 


m 

B= — a 


if) gp,m{t, C - ??) 


{v)m (C V)r. 


1 9a,m (0, V) 5/3 ( 0 ,^- 5 ) 


{V)m (C - V)r. 

Sll and Sll are the two terms involving time derivatives of g: 


Sll'-xiOYl E OiPM{m,m,p) 

m a—Bzl 
/3= —O' 

si! := X(0 EE afM{m,m,p) 


t r dsgc,m{ri) gf3,mi^ - v) 


0 Jr (jhnjm,p {v)m (C V) m 

g^ „^{g) dsgp^mi^ - 7?) 


m a=ibl 
B= — a 


dg, 


dgds, 


dgds. 


lo Jr iv)m {^ — V)r. 

Estimates for Slf Remarking that — is a Coifman-Meyer multiplier, we have the following bound: 

^ a/3 (||ga,rn(t)|li=o ||5/3,n(<)|li2 

+ ||5a,m(0)ll L °° ll5;0,'ra(O)llL^) ’ 


a— — B—Bzl 


i.e. 

||'S'^s||i2 ;$ m,p)e^. 

^ m 

Resumming in p is then not a problem since for all ^' > 1/8 and w < 1/24, 

M{m, m,p) < Ck- 

Hence 




puj p 


M ■ 


(9.3) 

with {up{t))p^i in the unit ball of 


|5'/s||r2 <£^Up{t), 
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Estimates for SI^. Here we take advantage of the fact that dsga.m is quadratic in g: more precisely, 

g „ — 

'-'sycx,m — ^ I ^ ya,m j 5 

which will lead to, using the dispersion inequality (IB.II) . 

pt 1 

(9.4) Il'S'-ff II r 2 ^ aPM{m,m,p) / 

^ ™ c=^=±l Jo (s) 

Resumming is not a problem either. Moreover, the third integral, S'/f, can be bounded in the same way. 

9.2.2. Study of SIi. If |^| >1/2 then drj4>‘fi^rn,p never vanishes, so the stationary phase Lemma applies. 

For f fixed and nonzero, the minimum of 9^(/(C,?7) is reached in g = f^/2 and equals 

g/2 > 1 

(^2/4 +2m+ 2)5 “ 4V2m + 2‘ 

In order to be able to apply Proposition IB. 15) we need to localize in g: let {ipj)j^z be a family of functions 
such that each tpj is supported in the annulus 2^ < \g\ < 2-^+^ and such that V'i = 1- Let us write 
for the following integral: 

Sir if) :={1-X(e)) r f 7 dgds. 

Jo Jr \V/m — V/m 

Then Proposition IB. 151 applies with Fj{f,g) := ■ 


Sir if) < -^25^^ (||F,||^. (0 + (O) ds. 

We want to take the L| norm of Sir ■ First we know that if / and g are two functions in such that for 
all f,g>-^ fig)gif — g) is in if, then 

\\fig)9if-g)\\Li^ = \\f\\LA\9\\L^- 

Then, remaking that 




I^^.l< 


fjjig) 


9a,miv) 9p,mif “ d) 


iv)m if - g)r 


9a,mid) 9P,mif “ d) 


implies 


Finally, since 


I^.IIl 


< 




rid) 


9a,mil) 


iv)r 


9p,miv) 


i9)r 


rid) / \ /f \ 

{d)m if - d) 

9a,m id) 




'f’jid)- 


id)r 



9p,mid) 


id)m 




'f’jid)j^j~ <min(l,2 -i), we obtain 


-F/II^J <min(l,2 '^) ||ga,m ||^2 ||5/3,m|li2 




< min(l,2-^)m"^^e^ 


In the same fashion we obtain 


II^^-PjIIl^ ^2^min(l,2 ^)m 

V 


which leads to 


SIf'‘ 


< 


/ -^22 •\/mniin(l, 2“-’)m“^'^e^(is. 

Jo is) 


Since 22y^min(l,2 -i) is summable over Z, we can sum Slf’^ 


over Z and obtain 
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with (up(s))pgz in the unit ball of . 

Finally, Inequalities (19.31) . (|9.4I) and (19.51) end the proof of Lemma [Ql ■ 


9.3. Estimates for the non-stationary remainder 
Lemma 9.3. There exists a sequence (up(s))pgN such that 

||iVi?±,p(g)||^. < ap^, 

where (ap)pgN is a sequence in the unit ball ofi^. 

The proof of this lemma relies on the stationary phase Proposition IB. 151 

Proof of Lemma 19.31 : 


The integral term we want to use Proposition IB.151 on is the one occuring in Duhamel formula, that is to 
say: 


Di{g,g) - SI{g) 


s I‘L 


m^n^'L 
a,^e{±l} 
m^n or — f 
satisfied 


gg.mW g/3,n(e " V) 

{ V)m (C - V)n 


dgds 


= E 

a,/ 3 e{±l} 

m^n or 07^—/? 
\Cj satisfied 


Here := (/>^^,p(^, g), the critical point is go = A“’^C and := • Let Xp G 

equal to zero on B{0, p)°. 

In order to apply Proposition IB. 15l we have to find 

• either an lower bound for \ip"\, 

• or an upper bound for ^ . 

Since in some cases (when a/3 = —1) can vanish, it is better to try to bound directly 


\/l^(g)l 

W{v)\ 


or rather 


IV^(g) - '0(go)l 




(dri(j)^^nAC^V)) 


The denominator vanishes at infinity or at 
Since m ^ n, 

Then is well-defined at the point A“’(^^ and 

- V'(go)| 1 




|520“%,p(e,A“’f„OI 
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Then, understanding the asymptotic behavior of will allow us to bound it (for sufficiently large 

values of p). 


(1) if a/3 = 1, then 
and 

hence 


IC’lp(C.’7) - 217/1 

l^p'/'m!n,p(C) ^)l ~^7]-^oo 2, 

idp(e,^)-dp(e,A“>(5„oi 




1 

v^oo 2- 


(2) if a/3 = —1, then 

lim ldp(C,^) - Clp(C, A“’^„e)| = 

n—Vrv~i 7 JX" > ’i- 5 


77—>-oo 


and 


J 


“V 

1 Am,ns 1 


I Am, 






-|- 2??7, -|- 2* 




2|n — m| 

jj2 


Hence 


l</>(^ilp(?,^)-ci.p(?,A“’^„^)l ^ 


+ 2m + 2 


(9,(^“lp(e,r/))" 2|(m-n)2A“i| 

< p‘^\J+ 2(Vm + 1 - Vn + 1^- 

These bounds being established, it remains now to apply the stationary phase Proposition IB . 1 5l with 

(1) ^{p) := (£,??), 

( 2 ) FM := 

(3) the critical point is po = 

(4) M = 2 since ^ 

(5) the bound m is given by 


P*-\/C^+2(Vm+T-Vn+T)^ 


if a/3 = 1, 

if a/3 = —1. 


This leads to 


/a,/9 £N ^ 7^,/? ^'. ga.rn(A„/(^C) g/3,Ti((l A„^’(^)g) ^^a,/9 

Am,ns)v^ (Am,ns/m ((1 Am,n)0'^ 


with bounded as follows: 

(1) if a/3 = 1, 


3Vi?< 




9a,m{p) gp,ni^ “ ?/) 


(??)m - ?7)r 


+ 


LI 


g«,m(T?) g/3,n(C " ??) 

(g)m {i ~ 'n)n 


LI 
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(2) ifa/3 = -l, 


NR <— I / - V^TTT)^)' 

\ 


+ + 2(Vto+ 1 - Vn+lf )' 


ga,m(?7) g/3,n(C " V) 


{V)m - g)r 


LI 


ga,m(g) g/3,n(g-g) 
(g)m (C - g)n 




Remark that the bound found in the case af3 = — 1 is bigger than the one in the case aj3 = 1. 
Moreover if we define x on an annulus instead of a ball we have 


P 


k 


^ ( ga,m(g) gp,n{i - V) \ 
H {V)m {i-v)n ) 


LI 




9a,miv) 90 ," V) 

{ ll)m - V)u 




Finally we obtain, in the case a/3 = — 1: 


NR^i^At, 0 ( ie+2{v^^ - v^r) ^ 


+ + 2(Vm+ 1 - Vn + lf) ’ 


|g| 


\vfdr, 


7 9a,m{v) 9P,ni^-V) 


{v)m (C - v) 

9a,mi'll) gg.n(C " V) 

{ ll)m - V)n 




LI, 


This asymptotical bound is also valid for the case a/3 = 1. 

We are focusing on the hrst term of the sum, the first one being even easiest. We can wrtie 


+ 2(a/to + 1 - Vn+ 1)^)' 




9a,miv) 9p,nii " g) 

(g)m (C - V)n 


Ll 




< 


+ 


r 2 I r,/ / - | |7a (9a,mi'9) 9P,ni^ v) 

(, +2(,A7TT-v 7? + T) ) 1,1 a-l' 




(K - „f + 2(v7rTT - ^7TT)“)• |,ra, f i) 

V (g)m (C-g)n 




We only focus on the hrst term, which is the “worst” in terms of cost of derivatives. By sub-linearity, we are 
reduced to bound 


\v\ 




First, 


7+1 dT]9a,miv) gff,ra(C g) 

(g)™ (? - g)n 

7+7 dri9a,mi'9) g/9,ra(^ ~ g) 




(g)m (C - g)r 


(R2) 


|g| 


(g)m (C - g)^ 


< 




< 


8+1 dri9a,mi'9) 



9P,niv) 


{V)n 




(g)n 

|g|®’^^9,,5a.m(g)||^^ l|gg.n(g)llL 2 • 


Then, since g is in S^’^, with N >9—1/4, 


\g\^'^^~^idn9a,m{t,g) = em ^amit) 




with {amit))m£N in the unit ball of There exists also (6n(t))nGN in the unit ball of such that 


|g| 


8+a dri9a,mi'n) gg,n($ g) 
(g)m (C - g)n 




< - m ^amit)hnit)e^■ 

Jmn 
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The summation Theorem 1C.II ends the proof of Lemma 19.31 
Similarly, we have 


(Vto + 1 — \/n + 1)« \ri\ 




{V)r 


a - V)r 


max(m, n) § _ 

5, -: - - m 


Mn-M 




v,( 


(R2) 


which also fits in the hypotheses of Theorem lC.il since we assumed M > Mq + |. This ends the proof of 
Lemma 19751 ■ 


9.4. Estimates for the oscillating term The oscillating term is 


Osc± 


Aam ■■= f E 

^0 _^ 


c, 


5/3,n((l ^m,n)0 

0 ?7o)| (Am^^C)m ((1 — ^m^n)0n 

^ \ V 


«,/3G{±1} 
m^ n or a^ — 0 
\C\ not satisfied 

Lemma 9.4. The norm of oscillating term can be bounded as follows: there exists (Mp(s))pGN inthe unit 
ball of tp' such that 

rt 


p^° ||Osc±,p(g)(0|li2 < ^ 


We shall not write the full proof of this proposition. We only recall that if (C) is not satisfied, then it is 
proven in Appendix that 

,p PU > -^ 

r,n,p \ 


|,a ./3 (rx°‘,hr)\> 

I V^m.n.pVs 5 ^'m.nsy I — 


Then a integration by parts in time is feasible, and leads to Lemma [§7 
Lemmas 19.2119.31 and 19.41 finally give Lemma 19.11 


2i/« + l(\/n + 1 + \/m + l)^ (Amfnfy + 2m + 2 


Theorem ICl is then proved. 


Appendix 

A. Resonant sets, asymptotics for ^ and its derivatives 

For now on, fix m, n, p three integers, a and (3 equal to ±1 and consider the phase 

a) = + 2p + 2 + + 2 to + 2 + fiy /- gY + 2n + 2. 

In this article we are only stating the results. In particular we are not going to prove Theorem 12.51 for the 
detailed proofs, see [20]. For now on, assume that a = /I = — 1, the other cases being dealt with similarly. 


A.l. Asymptotics for and 5^^ Thanks to the central symmetry, let us focus only on the level lines 
under the space-time resonant set. This corresponds to negative values of and positive ones of 5^^. 
First notice that we have an explicit expression for level lines. The level line dr^(j> := —is 


i = v + 


(2n + 2) 


1 - 


- 2-^ )2 


-2-^), 


where [g]m '■= ^ ^^2 + 2 ' explicit expression for the level line d^4> = 2 1 is 


g = f- 


2n -|- 1 


1 - 


- 2-1) 


r7T(K]p-2-^')- 


We are going to rewrite these formulas in a more suitable way, adapted to 4 different asymptotic regimes 
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• the first one will be the asmptotics \r]\ << in this zone, the level lines are almost straight lines. 

• the second to fourth ones correspond to different order of magnitude of the asymptotic parameter 


:= 


2im 


— when this parameter is very small, we can compute the deviation with respect to the straight 
line of slope Aj„,n := 1 + 


71+1 
m+1 ■ 


— when the parameter is very large, level lines are like straight lines of slope 1. 

— finally, when it is close to one, level lines are vertical lines. 

ft has to be noticed that the formulas written in the following sections are exact formulas: the only thing 
depending on the asymptotics will be the smallness of the remainder terms. The Lemma we state and which 
is proven in [501 i® following one. 

Lemma A.l. The following asymptotics for the phase (f occur for all m,n,j,r]. 

(1) (low-frequency asymptotics) 

(a) the equation of the level line dr)4> = can be rewritten as 

2-W2n + 2 


(A.l) 


1 


n + 1 


1 


TO + 1 (1 - 2 “ 2 i )2 
where r{j,m,n,r]) < ^(1 - 2-'^^)t]. 


7?(1 + r(j,TO,n,?7)) - 


\/l - 2-2j 


(A.2) 


(b) the equation of the level line d^(j) = 2^ can be rewritten as 

1 


77= 1- 


n + 1 


P + 1 (1 - 2-21)§ 


^ (1 + 7 - 2 ) + 


2-V277 + 2 


Vl - 2-27 ’ 

where r 2 < "^(l ~ 2 “^-^)^. 

(c) in the asymptotic zone | 7 ;| << \fm, the width of the band — 2“1 < drj(j) < is bounded 

by 

(A.3) C2~^ min(v07i, \/n) 

where C is a constant independent of j, n and to. 

(2) (high-frequency asymptotics with g small) 

(a) the level line drj(j) ■= —2~^ can be rewritten as 

2~^rj^ / 71 + 1 


(A.4) 


C = ?7 + 


71+1 


71+1 

771+1 


VTO+ 2771 + 2 


2 to + 2 


TO + 1 


TO + 1 
where r g^. 

(b) if I 77 I > and g < go for go < 1 well-chosen, the width of the zone 
|_2-J < dr^cf < -2-(^+i), 2^= < |? 7 | < 2'=+^} , 
written j, k) is bounded as follows. 

2Sk2-j 

(A.5) Wg«i{m,n,j,k)<- -—. 

2to + 2 

(3) (high-frequency asymptotics with g large) 

(a) the equation for the level line = —2^ can be rewritten 

yj 2n + 2 


1/772 + 2to + 2r, 


(A.6) 


^ = 77- 


- 2-2i 


(1-2-^ +r). 


with r < 


+i < 


(A.7) 


2 - 2 -J g' 

(b) under the hypothesis g > go, go being chosen in if A. 51) . the width of the band —2“1 < drjif < — 
is bounded by 

Wg>i{m,n, j) < 2^\/2n + 2 . 
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A. 2. Comparison between and 
Lemma A. 2. For all ^,77 real numbers, we have 

■ 

A. 3. Distance between S and T Here we are in the case where 

p < n + m 01 — 2pm — 2mn — 2pn — 2p — 2m — 2n — 3 ^ 0. 

In this situation we know that S and 7” do not intersect, and wonder in this section if we can determine the 
distance between those two setsin a given ball. 

The first step will be to evaluate (which is no longer equal to 0) and then to find the width 

of a neighborhood of the straight line ^ — Am,nV where (j) remains different from 0. We have the following 
proposition. 

Proposition A. 3. Let i? > 0. There exists a constant c such that for all (^, 77 ) satisfying 


VW+W<R. 


dist((^,77),5) < 


c 1 

{y/n + 1 + y/m + 1)2 i?’ 


then the modulus of the phase |(()| is hounded from below (up to a constant independent of R, m and n) by 

1 1 
(•v/rT+T + ^m + 1)2 R 

A.4. Asymptotics for (p Now the remaining asymptotics we have to study is the asymptotics for p: our 
goal is to find a lower bound (depending only on m, n, p and R) for (p on the zone I 77 I, |^| < R. 

Lemma A.4. In the case where there are no time resonances (i.e. n > p or m > p) then we have the 
following lower bound on (p. 

W ^ . - 

^ (-v/tT+T + R 


B. Some harmonic analysis tools 
Some proofs in this section are skipped, they can be found in m- 

Before really studying Fourier multipliers, we state this useful lemma on Sobolev spaces. 
Lemma B.l. Let f be in , such that xf is in . Then f is in and 

||/|Ive''T — 4-\/||/||//fc ll(2;)/ll^ffc • 

B.l. Linear Fourier multiplier estimates 


B.1.1. Dispersive estimates First write down the dispersive estimate for Klein-Gordon equation in dimension 
1 which can be found in [14j . 

Proposition B.2. Let k be a positive real number, uq be a function in the Sobolev space Then for 

all t, uq and is in L°° and the following inequalities hold for all t > 0. 


(B.l) 




Uo 




< 




(B.2) 




< 


fc4 

7W 


\\uo\\ 


Vl/3/2 


(Global dispersion) Let f in for M,N satisfying Then for all t, g±»*-\/ 

L°^{M?) and 


(B.3) 


^±it^-A+xl + l 


L“(R2) 


<{t)-i\\fm 


C'N,M . 
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B.1.2. Other Fourier multiplier estimates. Given the nature of the Duhamel formula, we will have to deal 


with mutlipliers of the form 


{V)n ■ 


Proposition B.3. • There exists a constant C such that the following inequalities hold for all 1 < 

q < oo, all f in L‘^ and all positive real number X. 


(lB3l a 


/ 


< 


C 


\Li ■ 




VWTx L« “ Va 

• There exists a constant C such that the following inequalities hold for all integers p, all f in T-L^, 

f 


v/-A2 +xl + l 


<C\ 


ll«N ■ 


■^N 


3c) 


• There exists a constant C such that the following inequalities hold for all 1 < q < oo, all f in L'^ 
and all positive real number X: 

D 




<c\ 


IL« ■ 


LI 


(Eld) 


• More generally, for all a > 1, 1 < q < oo, all f in and all positive real number X, we have the 
following estimate. 

\D\ 


y/D^ + X 

• For all M, N integers, for all f in Fl^, 

\M 


f 


<Ca 


lL9 • 


L? 


1 




Ele) 

where 9R{f) is localizing in the zone |^| < R. 

B.1.3. Combination of dispersion and multiplier estimates 

Proposition B.4. Let n be an integer, f in B and s > 0. Then we have the following inequality. 
(B.4) 


{D)r 


< 




B.2. Behavior with dilation operators 

Definition B.5. Let X be a real number. Define the Fourier dilation operator of parameter X, written E\ 

by£xf:=R-^ ^/(AO) ■ 

It is well known that {£\f) (x) = jf {j)- The following lemma generalizes in the case where there is a 
Fourier multiplier. 

Lemma B.6. Let X be a real number, p an integer and g the symbol of a Fourier multiplier. Then for all 
f we have 

\\£xig{D)f)\\^,=X^^-^\\g{D)f\\^„. 


B.3. Bilinear multiplier estimates When dealing with the cutoff functions as the ones defined in Defi- 
nition 1^151 a question arises: how can we keep "Holder-like” estimates ? More precisely, define, for a 

smooth function of r] and 

\Jr 

The natural question is: is it possible to have an inequality like \\Am{f, <?)|lir < C ||/||^p ll/mll^pj with p, q, r 
satisfying some conditions (for example the Holder condition “ = “ + Answering for a general m is a 
very hard question, but some useful results are already known and work for the multipliers used in the three 
kinds of cut-offs. 
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This theory has been studied in the 60’s by Coifman and Meyer [3], and the now known as Coifman-Meyer 
estimates will be very useful in our situation (see [H] for a proof). 

Theorem B.7. (Coifman-Meyer) Suppose that m € is smooth away from the origin and satisfies 


(B.5) 


\d?d^m\ < 


C 


for all a,/3 < 3 (we say that m is a Coifman-Meyer symbol). 

Then is bounded from x to M where y = ^ + ^ ^ P,Q ^ oo, 1 < r < oo. 

Remark B.8. The condition (IR.5I) is satisfies if m is C°° and homogeneous of degree 0 on a (f,r/) sphere. 

For example, the symbol used in the high-low freguencies cut-off will satisfy the condition (IB.51) . But some 

other symbols with fail to satisfy the smoothness hypothesis of Coifman-Meyer’s theorem: for example 
, a 

„ where xi^jV) localizes around — ??| < 2 |? 7 |: 


Proposition B.9. Let a be a positive real number. Then the symbols 




and (l-x(C,f?)) 






satisfy Holder-like estimates. 


However the symbols used for the space resonant set cutoff will not fit in the conditions above. Another 
estimate, proven by Bernicot and Germain in [2] will be needed. First define the class . 

Definition B.IO. The scalar-valued symbol belongs to the class A4^ if 

• T is a smooth curve in . 

• me is supported in B(0, 1), as well as in a neighborhood of size e ofT. 

• The following ineguality holds for sufficiently many indices a and j3. 

\d'^dlme{i,p)\<e-‘^-^. 

Theorem B.ll. Consider T a compact and smooth curve. Let p^q,r G [2,-too) be exponents satisfying 
— 1 > 0. Then there exists a constant C = C{p,q,r) such that for every e > 0 and symbols 
me G Atg, then 

llTmAf,g)hrr < _ 


As a consequence we have the following useful proposition. 

Definition B.12. The scalar-valued symbol me belongs to the class if 

• T is a smooth curve in R.^. 

• me is supported in i3(0,1), as well as in a neighborhood of size Me ofT. 

• The following inequality holds for sufficiently many indices a and (3. 

\dp^meii,p)\<e-‘^-f^. 

Proposition B.13. Consider F a compact and smooth curve. Letp,q,r G [2,-too) be exponents satisfying 
i + i + i — 1>0. Let M he a real number greater than 1. Then there exists a constant C = C{p, q, r) such 
that for every e > 0 and symbols me G then 

\\TmAf.g)\\Lr' < + ^ 


In the case of a straight line, this version of the theorem is very useful. 


Theorem B.14. Let p, w, p be real numbers, F a straight line and S be a symbol which satisfies the following 
properties. 




it is supported on a ball of radius p. 

it is supported in a band of width to, around F. 

it satisfies the following estimate: for suffciently many indices a, b, 



a-\-b 
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Then we have the following bilinear estimate. 


\\Tsif,g)\\L-' ;$max ( 1>- ) + « 




\LP 


\Li ■ 


B.4. A stationary phase lemma We state a stationary phase Proposition, first proven by Germain, 
Pusateri and Rousset (to appear) and adapted to our problem. 

Proposition B.15. Consider p > 0, y G C“ equal to zero on B{0,py, such that \x'\ is bounded by 1/p, 
and Ip in C°°. Let 


1 = 


f C^^^^'^F{x)xdx. 

JR. 


(1) (non-stationary phase) Let m be a positive real number such that for all x € supp(x), \ip'{x)\ > m. 
Then 

(2) (stationary phase) Let xq be the only point where ip' (xq) = 0. Let m and M two positive real numbers, 
such that for all x in supp(x), 

ip”{x) > m, |'0"'(x)| < M, 

- ip{xo) 


ip' 


<—, \r{x)\<M. 

m 


Then 


I = ^— -^x{xo)F{xq) + O 


m* 




F 


L2 


3 


F' 


L2 


ip”{xo)Vi'' \t^ Wm* p 

the constants being independent of x ciiJ'd V'- 

The proof of Proposition IB . 1 5) relies on a change of variable and will not be detailed here (see p0]b 
B.5. Interaction between Her mite functions The integral 

M{m,n,p) = / iJmix 2 )i^n{x 2 )i^pix 2 )dx 2 

Jr 

can be computed explicitly but the exact formula is not really helpful to get estimates. 

Proposition B.16. Let u > 1/8 and 0 < /3 < 1/24, e > 0 and 0 < 9 < 1. Then for all m < n < p and K 
integers, there exists Ck, Ce and Ce,s,K three positive constants such that 

K 


(B.6) 

(B.7) 

(B.8) 


\M{m,n,p)\ < Ck^ 




/mn 


mn p — n 

-T+e 


|A4(m, n,p)| < Ce max(m, n,p) ^ 

TTJ^ 

\Mim,n,p)\ < Ce,9,K- 


pU 


mn 


0K 


p-\+z+^^ _ 


/ mn + p — 

C. Paraproduct for the Hermite expansions 
In this appendix we are going to prove the following theorem. 

Theorem C.l. Let a > 0, 7 > 0, (am)meN (^n)raeN sequences in (/^, M > a + 2. Then there exists 
and a constant and a sequence (up)pgN w the unit ball of such that for all integer p, 

( 1 ) 

m~^amn~^bn < C.yP°‘~i'^^Up, 

, m n ' ^ 


This inequality has two consequences: 


52 






















(2) (bounded sums theorem) for all R > 0, 

pM A^(m, m~^ amn~^bn < 

Wmn 

m,n<R ^ 

(3) (half sums theorem) for all Mq > 2, 

M{m,n,p)n°‘~^m~^°amn~^bn < Cryp°-~^^'^Up. 

m<.n 


pi 


Proof : 

We are going to deal with three different cases, corresponding to different orders of magnitude of the input 
frequencies m, n and the output p and use Proposition IB. 16] 

(1) Section ICffl If p > Cm and p > Cm, C large enough chosen later, we will use the fact that the 
interaction term A4(m, n,p) becomes very small. 

(2) Section [C21 If p < Cn and p < Cm, we will simply use that < p“ if a < 0. However three cases 
will have to be dealt with 

(a) the case p < m < n. 

(b) the case m < p < n. 

(c) the case m < n < p. 

(3) Section lC.31 If Cm < p < Cn (the case Cn < p < Cm being dealt with similarly given the symmetry 
of the situation), then we will try to use the interaction term as a convolution one. 


C.l. If p >> m and p >> n. Let C be a constant greater than 1, and consider the following "low-low->high'' 
term Suh 


O / ^ M Y- max(m,n)“ 

biih(m,n,p) := p } M{m,n,p) -- m Omn o„, 

, /mu 


the term 


'o M KA! , max(r7T,, n)“ -Mi 

Siih'—p > M{m,n,p) - r= -m Omn &n, 

Jmn 

n<m< 

being dealt with similarly. First, by Proposition IB. 16l if K G N, n > 1/8 and /3 < 1/24, we can write 


M{m,n,p) < Ck^ 


/mn 


/mn + p — n 


K 


Then, since p > Cn, we can bound , — by . W?™ write 

’ ^ ’ ^/mn+p-n 


\ ^ r-i li- K / C 
Mim, n,p) < CK^-m = n = 
pP 


^C-1 

Then collect the terms in m, n and p in the original sum to get 


K 




Siihijp) < Ck 


C 


C-1 


K 


p 


M-K-t 


Y. 


2 2 ’^ar. 




If 


i.e. 


K 

M > — + max(:/, a), 




) and (n°‘~^^ 2 are in 1'^, 

/ m^N V / n^N 


then both series in m and n converge. Moreover, if M < K — {Siihip))p^^ 
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C.2. li p < Cm and p < Cn. The zone p < Cm and p < Cn corresponds to a Tow-low—)>low", "high- 
high—J>high" or a "high-high—T^low" interaction. We will deal with the term Si defined by 

a t \ M .max(m,n)“ 

Si{p)-.= p > M{m,n,p) -- m a^n 

' 'mn 


the term 


c M ... max(m,n)“ 

Si-.= p y M[m,n,p) -- m a^n 

^/mn 


being dealt with similarly. 

Here, we do not need to find a fine bound for the interaction term j\4(m, n,p), we will simply bound it by a 
constant A4o. Hence, collecting the terms in m, n and p we get 


-S'i(p) <P^ \ H ^ M H 

Then, Holder’s inequality and a comparison series-integral give 


a-M-J 


^ m-^-^am < Y. ^ C-^p-^ 


T <m 


•r<m 


n 


2a-2M-l 


T <n 


Finally we get 


Si{p)<p^-^, 


<a—M a—M 




which is in for M large enough. 

C.3. If p > Cm and p < Cn ov p> Cn and p < Cm. 

C.3.1. Classical paraproduct fTheorem I C. f I - n\)l First assume that Cm < p < Cn, the case Cn < p < Cm 
being symmetric. Denote bu Sihh the term 

C M ... max(m,n)“ -Mi 

Sihh-=P M[m,n,p) - 1 = - m amn On- 

^ — Cmn 

Cm<p<n 

Then assume that Cm < p < n: the case Cm < n < p < Cn is dealt with similarly, simply by multiplying 
by powers of C. 

Let 9,e > 0, n > 1/8, 0 < f3 < 1/24 and K integer, there exists a constant Cg^g^K and a sequence (up)pgj^ in 
such that 


M{m,n,p) < Ce,e,K- 


./mp 


mP \ y/mp + n — p 


9K 


< Ce,S,K- 


m 


0 V 


y/mp 


BK 


m" \ 1 -|- n — p 
Then, when gathering the terms in m, n and p we obtain 


^ihh _ ^€,6,K^p P I / . a^m I I y ^ 




. Cm<p 


Then the sum 


Cm<p 


p<n 
9v+^-M-^ 


1 + n — p 


0K 


5„n“-^-5-»/3-3+l+9'^ 
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is finite whenever M is large enough. 
In order to bound 

E 

p^n 


1 + n — p 


BK 


a-M-i-S/3-i + f+fle. 

Uri 


first we bound n ^ hy p ^ and write 

i^ b ^a-M-i-e/3-i + f+ee ^ a-M-i-e/S-i + f+Se f _^\ 

^\l + n-pj " ^\l + n-pj 


BK 


bn • 


p<n ^ ' ‘^^P 

Then bn is in and so is i whenever 2K9 = 1 + (5, (^ > 0. Finally the following bound holds for 

Slhh- 

Sihh{p) < 




The remaining problem is that (up is not in However, remark that for all a > 0, ^Up ^p = (i+“)^ 

is in it can be checked by writing 


pGN 






^p“2f(l+a) 


which is finite. Finally, writing Vp := Up ^p 2 ( 1 +“), the following bound holds: 

Sihhip) < 

with (up)pgj^ e and 7 = 0(^ + e + j - 13) + ^ 

C.3.2. Case of a bounded sum fTheorem I C. 11 - ifl|] / In this case, we are summing over all m and n less than or 
equal to R. Since we are in the situation “p > Cm and p < Cn or p > Cn and p < Cm”, p can be bounded 
by R and the bounded resummation theorem follows. 


Theorem IC. 11 (151) is skipped: this ends the proof. 
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